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Abstract. We compare a homogeneous real-stable count law with the multinomial distribution
having the same mean. The normalized covariance deficit determines the quadratic orthogonal
component of the likelihood ratio and controls its higher-order remainder through explicit spectral
bounds. These estimates give a uniform quadratic approximation in chi-square distance as the
trace deficit vanishes, and convergence for diffuse covariance-deficit spectra with bounded trace,
allowing the degree and number of categories to vary. They also yield a sharp covariance-matching
exponent, while nonfactorizable stable cubics show why a stronger Frobenius-power estimate for
categorical products cannot extend to the full stable class. An optimal all-degree centered-real
elementary-symmetric inequality, with equality classification, supplies the coefficient input and
gives an optimal linear total-variation certificate. Separately, a sharp centered-complex inequality
in six coordinates, including its complete equality orbit, yields the optimal uniform factor 3/4 in the
complete-homogeneous bound for the squared L? norm of the fifth likelihood component of degree-
six stable laws. Ternary determinantal representations transfer further complete-homogeneous coef-
ficient bounds, and a fixed-law convolution theorem identifies the limiting Gaussian total variation.
The arguments adapt classical tensor, polynomial and orthogonal-expansion methods; standalone
exact-arithmetic code reconstructs the finite certificates used in the proofs.

1. Setting and relation to prior work

A nonzero polynomial is real stable if it has real coefficients and no zero when every variable has
positive imaginary part. Delete categories of mean zero, whose counts vanish almost surely, and
let m be the number of retained categories. Let

plz)= > P(a)a®,  Pla)>0, p1)=1

la]=n

be homogeneous and real stable, with integer n > 1. Here |a| = ), a; and A has law P. Put
t; = EA; >0, ¢ = t/n, L(x) = q-x, and M = Mult(n,q). Total variation is TV(P,M) =
3>, |P(a) — M(a)|. Define
1/ e’ -l
B = 3 diag(t) — i Cov(4) |, W = Tr(diag(t)” " B). (1.1)

We will prove B = 0. The identity >, t; = n gives W = 3(m — 1 — Y, Var(4;)/t;).
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The covariance-spectrum theorem. The density components Uy, are the explicit degree-k orthogonal
multinomial components constructed in Lemma 2.2. In particular their sum is P/M — 1; all norms
below refer to the mean-matched multinomial law. Put T' = diag(t) and

n

D=2T"'2BT~12 4 =TrD=2W, sy="Tr(D?), a,= 5T

(n>2).

The matrix D annihilates v/t and satisfies 0 < D < I — V/t\/t /n, by covariance positivity. For
r > 0 define the nonnegative finite spectral polynomials

gr(D) = [z"]det(I — 2zD)"Y2 b (D) = min{z", g,(D)}.
These coefficients are defined for every PSD D, regardless of convergence at z = 1.

Theorem 1.1. For n > 2, the exact quadratic density in Lemma 2.2 satisfies

102113 = anss. (1.2)
For3<k<n,
1UKII3 < min{soa™2, sage—a(D), gu(D)}- (1.3)
Consequently, with J,(D) = >."_2b.(D),
X (PIIM) = ansz + ||P/M — 1~ Us|f3, (1.4)
0<||P/M —1—Us|3 < saJn(D), (1.5)
ansy < X2(P|M) < so(an + Ju(D)). (1.6)

All norms are in L*(M) and all sums are finite; no smallness assumption on x is needed. If x = 0,
all terms vanish by rigidity. Empty sums apply at n = 2.

Relation to earlier work. Multinomial approximation for dependent random variables is classical;
Loh’s Stein-method treatment (1992) is a central predecessor. Ehm’s binomial approximation
(1991) already treats the bivariate stable subclass, whose generating polynomials factor into lin-
ear forms. Roos (2010) develops approximation of convolution products, including independent
categorical sums.

Loh’s Theorems 5 and 6 treat, respectively, independent categorical summands and dependent
multivariate hypergeometric sampling. The present result supplies a uniform covariance-deficit
certificate.

The closest methodological predecessor is Han and Niles-Weed (2026a). Their analysis of per-
mutation mixtures combines centered elementary symmetric polynomials, Banach transfer and
orthogonal chi-square expansions. Their Theorem 4.3(2), equation (27), supplies the real coeffi-
cient estimate refined below. Related Banach and coefficient methods occur in Roos (2014); later
centered-vector and matrix inequalities appear in Han and Niles-Weed (2026b). Our argument
adapts these tools to the centered hyperbolic expansion of an arbitrary homogeneous stable count
law. For categorical observations, a single permutation mixture of independent coordinates has the
same count generating polynomial as the underlying product of categorical linear forms. A general
exchangeable mixture representation instead yields a mixture of independent reference laws; it does
not directly give our one mean-matched multinomial or the deficit in (1.1).

The main refinement is the covariance-spectrum bound and uniform quadratic likelihood nor-
mal form in Theorem 1.1, together with the sharp matching exponent and the full-stable cubic
obstruction in Theorem 6.1. The complete real scalar coefficient-one certificate, its equality classifi-
cation, optimal TV coefficient two and fixed-law Gaussian mutual-TV limit supply the surrounding
certification theory. Banach’s theorem, the predecessor centered ESP method, hyperbolic-slice ex-
tremality, and the orthogonal-expansion architecture are classical inputs used throughout. Fixed
degree and category count are separate parameters throughout. The sharp complex-six theorem
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also determines its complete equality orbit, linking the finite-dimensional coefficient certificate to
an explicit extremal geometry. Its rigidity argument is integrated with the same weighted-median
and real-rooted proof below.

Spectral and Frobenius improvements are already present in Han—Niles-Weed (20262, Section 5)
and (2026, Corollary 1.3) for permanent/permutation-product models. Roos (2002) already stud-
ies signed multivariate Krawtchouk corrections for independent categorical sums, and multinomial
orthogonal projections have classical reproducing-kernel descriptions Diaconis and Griffiths (2019).
Our bounds cover arbitrary nonfactorizable homogeneous stable count laws, with explicit spectral-
square remainder and a sharp obstruction to extending a product-class Frobenius power. The
Gaussian tensor-norm and hyperbolicity tools in that obstruction, and quantitative AM-GM at
the scalar endpoint, are also classical and explicitly attributed below.

The all-real two-moment estimate of Derksen, Ivanov, Lee and Viola (2024, Lemma 36) is another
important predecessor. On the centered squared-norm-n slice it gives |ex| < (})((k—1)/(n— 1))k/2.
Its squared ratio to (z) is 32/25 at n = 6,k = 3, so that displayed estimate alone does not give
the value-one bound proved below. Their real-rooted truncation argument and its earlier ancestry
are established methods. For binomial-orthonormal biased Krawtchouk polynomials, Hsieh et al.
(2026, Lemma 3.12) give an O(k1/4)ey2/4 bound under fixed-bias and spatial-window hypotheses.
Our statement concerns the exact finite bound one at every admissible integer mean and every
order. The ESP-Krawtchouk correspondence, root reduction, recurrence and Hermite picture are
classical inputs. The fixed complex case (n, k) = (6,5) is proved separately below.

Theorem 1.2. Let n > 1 and let z € R™ satisfy Y, 2z =0. For 1 <k <nmn,

erta) < () (Zn)k (17)

Also eg = 1. The universal squared coefficient one is optimal.

Theorem 1.3. For every integer n > 1 and every normalized homogeneous real-stable count law
with nonnegative coefficients,

X2 (P||M) < En:@W)k, TV(P, M) < min{1,2W}. (1.8)
k=2

Mean-zero categories are deleted before defining W using the retained positive means. The conclu-
sion allows arbitrary category count, repeated roots, zero coefficients and singular covariance deficit.
The coefficient two is optimal uniformly over the degree.

The proof is computer-assisted: the exact polynomial identities, infinite-domain reductions and
exhaustive finite domains are specified below, with standalone code reconstructing their complete
certificates. The scalar theorem is proved by the complete domain partition below, rather than
assumed from finite samples.

2. Centered expansion and the exact density identity

Degree one is exactly multinomial. In the lemmas below we therefore assume n > 2.

Lemma 2.1. There are homogeneous polynomials Ry of degree k, 2 < k < n, invariant under
T +— x + al, such that

p(x) = L) + 3 Ri(w) L(z)"". (2.1)
k=2

Moreover B =0, B1 =0, and Ry(z) = —z ' Bx.
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Proof: For real z, set y = x — L(z)1. The polynomial p(z1 + y) is monic of degree n. Every root
is real: an upper-half-plane root contradicts stability, and a lower-half-plane root has an upper
conjugate. Its coefficient of 2”1 is ¢ -y = 0. Write its roots as Aq,..., Ap, SO Zj Aj = 0, and let

Ry(z) be its coefficient of 2 *. This defines homogeneous polynomials, invariant under addition
of al because y is unchanged. Substitution z = L(z) gives (2.1).

Write H = V2p(1). The coefficient of 2772 is %yTHy. Euler’s identity gives H1 = (n — 1)t and
1"H1 =n(n—1), so

-1
Ry(x) = %xT (H - nnttT> x.

Since H = Cov(A) + tt" — diag(t), this is —z " Bz. On the other hand the root identity gives

Ry(x) =—3> X, Y X =2z'Bu (2.2)
J J

Thus B > 0; the displayed formula or translation invariance gives B1 = 0. ]

If W =0, positive t and B = 0 imply B = 0. Equation (2.2) then makes every centered root
zero for every real x, so all Ry vanish and P = M. This proves rigidity without dividing by W.
The cases n = 1 or m = 1 are also exact multinomial laws. Zero-mean categories can be deleted
because their nonnegative counts vanish almost surely.

For a homogeneous polynomial Ry, let T} denote its symmetric k-linear form, with Ry(z) =
Ti(zx,...,x). Our ordered-index convention means that a monomial coefficient at « is (k!/a!)T}, o-

Lemma 2.2. Let v}, be the signed coefficient measure of R,L"*. There exist mutually orthogonal
mean-zero densities Uy, = dvy/dM satisfying

P - 2 - 2
M—1=ZU1€7 X (PHM):ZEMUku (2.3)
k=2 k=2
and
-1 2
n Tk<6i,...,€i)
EpUR = < > > L L (2.4)
k P AR R
Proof: Translation invariance of Ry gives Tr(1,va,...,v;) = 0: first differentiate the diagonal
polynomial and then polarize its remaining arguments. Let X7, ..., X,, be independent categorical

variables of law ¢ and set

) . Te(€ipy..., 64 n\ !
Hi(i, ... i) = M, Uk = <k> > Hiy(Xs).

Qiy - Qi

Symmetry makes Uy a function of the count vector. Summing any one argument of Hj against ¢
gives zero by the contraction identity. Hence the kernel is completely conditionally degenerate. For
each fixed subset S,

E[Hy,(Xg)a™" )] = Ry (z)L(z)"".

Coefficient comparison after symmetrization proves vg(a) = M(a)Ug(a). All M(a) on |a| = n are
positive. In a product of two kernels associated with different subsets, an index in the symmetric
difference occurs in only one kernel; integrate that independent categorical observation to obtain
zero. This applies both within an order and between distinct orders. Thus only identical subsets
contribute to the square norm, giving (2.4), while (2.1) gives (2.3). All operations are finite sums.

O
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3. Hilbert tensor transfer and a universal certificate

We use Banach’s classical real Hilbert-space theorem Banach (1938); Carando and Rodriguez
(2018): the norm of a symmetric multilinear form on arbitrary unit-vector tuples equals its norm
on diagonal tuples. It is also the input in Han and Niles-Weed (2026a, Lemma 4.2).

Lemma 3.1. If |Ry(z)| < c(z" Bx)*? for all real x, then
A(nW)k

()
Proof: For v € ker B, the polynomial Ry(x + sv) is bounded independently of real s, hence is

constant. Differentiation and polarization give Ty (v,ve,...,vx) = 0. Thus T} descends to the real
Hilbert quotient by ker B, with squared norm z " Bz. Banach’s theorem there implies

| Tk (v1,y ..o op)| < CH\/U]TB’U]'.
J

Apply this to coordinate vectors in (2.4) and sum the products to obtain

EpUE < (Z)_IC2 (Z B;;)’c _ <Z>_IC2(nW)k.

(]

EnUj < (3.1)

No inverse of B is used. (|

Han and Niles-Weed (2026a, Theorem 4.3(2)) prove the uniform real centered coefficient bound
ler(2)|? < 10(}) when Y y zj2 = n. Below we refine their binary contour and Beta-integral argument
to a constant below three. The classical extremum reduction needed for that refinement is stated
first; the bound with constant ten serves as a comparison, rather than as a tail input in our final
theorem.

The next elementary bound retains positivity of the actual density. It is the upper-distance
branch of the classical sharp relation between chi-square divergence and total variation; see Gun-
tuboyina, Saha and Schiebinger (2013, Corollary 5.3), which credits Gilardoni’s Proposition 2.1.
We give the short proof needed here.

Lemma 3.2. For probability measures P < M, write v = x*(P|M) and 6 = TV(P,M). If
d>1/2, thenv >4§/(1—9).

Proof: Let Y = dP/dM —1 and a = M(Y < 0). Then EY; =EY_ =d and Y_ <1,s0a > ¢.
Cauchy—Schwarz on the two parts of the partition gives
52 52 52
> — = .
U_a+1—a a(l —a)

Fora >0 >1/2,a(1 —a) < (1 —0). The degenerate partition cases force 6 = 0 and do not occur
here. g

The probability consequences are grouped together below; the detailed real coefficient proof and
its finite-domain certificates follow afterward. The finer coefficient estimates retain their separate
degree and rank hypotheses.

4. Proof of the covariance-spectrum bounds

The derivation of Theorem 1.1 uses the sharp real coefficient bound in Theorem 1.2. That bound
is proved independently in Section 7, without using the count-law conclusions of this section. This
order keeps the likelihood estimates and their probability consequences together.
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The gain over trace-only control retains so /22, the reciprocal effective rank when x > 0. Spectral
permanent bounds already occur in Han—Niles-Weed (20264, Section 5); their later matrix theorem
and Corollary 1.3 also retain Frobenius information Han and Niles-Weed (2026b). The result here
concerns the full homogeneous stable class and its explicit covariance-controlled remainder.

Lemma 4.1. If S is a symmetric real k-linear form of multilinear norm at most one and A > 0
has eigenvalues \;, then, for k > 2,
D i A S(en, s eq)? < Te(A)(Tr A2,
11500k
At k = 2 the right side means Tr(A?).

Proof: Fix the last k — 2 unit basis arguments. The symmetric matrix Cj; = S(e;, e;,...) is an
operator contraction. Thus

SANCE IS EHNCE =YY <Y a2
ij ij i J ‘

Symmetry justifies the equality and the row norms are at most one. Sum the remaining nonnegative
weights. This is an elementary weighted Hilbert—Schmidt contraction argument. g

Proof of Theorem 1.1: The scalar theorem gives |Ry(v)|> < (7)(2/n)*(v" Bv)*. Use the quotient
and Banach argument of Lemma 3.1. The weighted coordinate family has covariance

A = B2 diag(q)"' BY/>.

Its nonzero spectrum equals that of (n/2)D by the XX T, X T X identity. Lemma 4.1 and the exact
tensor identity cancel the factors (}) and (2/n)*(n/2)*, giving ||Ug||3 < sea®2. For k = 2, use
Ty = — B directly:
2
102113 = Gy T (T72BT %)) = ans.

n
(3)
No inverse of B is used.
For clarity we give the Gaussian steps, with all normalizations. The whitened polynomial Fj(y) =
Ry, (diag(q)~'/?y) has ordered symmetric tensor A and

AE < (P)o ot g =ladg/ ().

For a standard real Gaussian G, the degree-k Hermite component of Fj(G) has squared norm
K!||Ax||%. Indeed the coefficient of the product probabilists” Hermite H, is (k!/a!) Ak o, and EH2 =
a!. Lower-degree chaos squares are nonnegative. Hence

IUKI3 < E(GT DG)* /! = gi(D).

The last identity follows by integrating independent Gaussian squares after diagonalization, initially
near z = 0, and comparing finite coeflicients.

For the stronger hybrid bound, kernel descent expresses Ax = 4/ (Z) S o (DY/?)®k with S sym-
metric of multilinear norm at most one on ran D. Work in an eigenbasis and put » = k — 2 and
P,;(G) = S(ei, e, DY@, ..., DY2Q).

Its highest Hermite chaos has squared norm r! times the remaining r-index weighted tensor square.
Multiply by A;A;, sum, and discard the nonnegative lower-chaos norms. Pointwise Lemma 4.1’s
matrix argument bounds the inner bilinear sum by so(G'T DG)". Thus

rUkl3 < $:B(GTDG)",  ||Ukll3 < s2g,(D).
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For r = 0 this is just the matrix argument, while the exact quadratic identity is sharper. Orthog-
onality proves the remaining assertions.
0

Corollary 4.2. If p = ||D||op < 1/2, then
X2(P||M) < so{ay + det(I — 2D)_1/2 — 1} < sofan + exp(x + s2/(1 — 2p)) — 1}.

For any sequence in the full stable class with bounded x and sy — 0, one has x?(P||M) — 0 and
TV(P, M) — 0, even when degree, category count and positive means vary.

Proof: The convergent generating series sums the hybrid coefficients. Also

2i—1 : S9
log det(I —2D)~1/? = — Tx(DY) <
og det( ) x+; 7 r( )_:c+1_2p,
iz
since Tr(D7) < p/72sy and 2771/j < 2072, Finally p < /52, so the required spectral-radius
condition holds eventually. g

For the product/permutation-mixture subclass, convergence from small Frobenius norm already
follows from Han and Niles-Weed (2026b, Corollary 1.3). Our assertion extends this convergence
criterion to the full homogeneous stable class. The determinant above is not the Gaussian-likelihood
expression det(I — D?)~1/2 —1: for p = (XY 4+ X Z + Y Z)/3 the latter is 1/3, whereas the actual
chi-square is 1/2 and D has spectrum (1/2,1/2,0).

4.1. Quadratic approximation and covariance matching. Put Hy(x) = E:f;f x". Since J,(D) <
Hn($)>
o XPIM) | Ha(e) %
T apSs - a, ~ 1—=z
This is a small-deficit likelihood normal form, uniform in degree, categories and positive means.
The exact quadratic is

(s2>0,0<z<1).

B;ia;
t

z@m):-711(a—wTT4BT—%a_ty_§: (4.1)

n—

1
To verify it, the ordered distinct observation pairs in the degenerate kernel have multiplicities
a;a; — 0;;a;. Their contraction is divided by n(n — 1); substitute ¢ = t/n and use B1 = 0 to center
a. The signed measure M (1 + Usz) need not be nonnegative. Signed multivariate Krawtchouk
approximations for independent categorical sums are classical Roos (2002), as are multinomial
orthogonal projections Diaconis and Griffiths (2019); the new estimate controls this correction’s
full-stable remainder.

With d9 = %E m|Us|, reverse triangle and Cauchy give

|TV(P, M) — 6| < 3v/s2Ju(D),  TV(P,M) < $y/s2(an + Ju(D)).

If P,@Q have the same n,t and covariance, they share Us, D and M, whence
x

3/
TV(P,Q) < min{l,+/s2J, (D)} < \/%

The first bound follows by applying Cauchy to each higher-chaos remainder; the last uses J, <
z/(1 —x) and sp < 22

The exponent 3/2 in this uniform matching conclusion is sharp. For 0 < € < 1/4, take three
independent Bernoulli probabilities (1/2 4+ €,1/2 +€,1/2 — 2¢), and let P_ reverse the sign of € in
Py. With L= (X +Y)/2,

0<z<1). (4.2)

pr =L —3(X —Y)’LF23(X —Y)3.
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They have t = (3/2,3/2), B =3¢ [} 1'], = 8¢2, and sy = 2?. Direct use of the exact tensor

norm gives

X2 (P4 ||M)
aszso

The absolute coefficient sum of p, —p_ = —4€3(X —Y)3 is 32¢3, so TV(Py, P_) = 16€> = 2%/2/1/2.

Thus neither the relative O(z) remainder nor the matching O(23/2) exponent improves uniformly.

|Us]|3 = 48€,  ||Us]|3 = 256€® = 23/2, —1=2z.

4.2. Rare cells and a nonproduct illustration. Small deficit does not uniformly imply the local
Taylor ratios KL/x? — 1/2 and H?/x?> — 1/4, where H?> = Y.(vVP — vV/M)2?. For n = 2 and
0 < g < 1/2, independent Bernoulli probabilities 0, 2q give

P=(1-2¢2¢0), M=(1-9"201-q).¢"), z=q/(1-q), x*=2"

Here
1—2q 2 3
KL(P|M) = (1 —2Q)logm +2qlog 7 — ¢ +0(q°),

and H? = ¢ +0(¢?) as well. The latter follows by expanding the affinity (1—q)+/T — 2¢+2¢+/T — ¢;
the absent count-two mass provides its leading deficit. Both ratios therefore tend to one. By
contrast, probabilities 1/2 + € have a fixed positive reference law and yield the ordinary ratios
1/2,1/4 by Taylor expansion. This is a barrier to a uniform local expansion, not to classical
divergence inequalities.

For a diffuse nonproduct example, let p = eq(X1,..., X))/ (ZL), 2 < d < m. This classical
polynomial is real stable, with ¢; = d/m and D eigenvalue (d — 1)/(m — 1) repeated m — 1 times.
Thus * = d — 1 and s = (d — 1)?/(m — 1). For fixed d > 3, x > 2 yet Corollary 4.2 applies as
m — oo. Directly, with ¢ = (m)g/m?, the multinomial conditional on no collisions is P, giving the
classical birthday identities

TV(P,M)=1—c¢, Y2(P|IM)=c' —1~d(d—1)/(2m) ~ agss.
No categorical-product representation exists: multiaffinity forces distinct linear factors to have

disjoint variable supports, which cannot generate every d-subset when m > d. These classical
birthday formulas illustrate the full stable domain.

4.3. The complete-homogeneous target in low orders. Let hy(D) = [2¥] det(I—2zD)~!. The following
partial conclusion makes its present domain precise.

Proposition 4.3. The target holds at k = 2,3 for every admissible degree, and at k = 4 for every
n>5 Atk =3, ork=4,n>5, it is strict when D # 0. Rank-one D is covered at every order.
The top-order theorem below supplies the remaining quartic degree n = 4.

Proof: The exact quadratic energy is at most sy < hy = (2% 4 s2)/2. Newton gives hz — x59 =
es(A(D)) > 0, so Theorem 1.1 already proves the non-strict cubic assertion. For strictness, the
centered scalar cubic maximum from the binary calculation in Lemma 7.6 is ), 3 = 2n(n—2)/[3(n—
1)?] < 2/3. A squared scalar constant 3 multiplies both spectral-square and hybrid bounds by 3,
since the normalized form’s norm is at most /3. Thus ||Us||3 < 8,382z < hs for nonzero D.

For every nonzero PSD spectrum,

ha(D) > 2s292(D), g2 =2%/2 + s3. (4.3)

To prove it normalize = 1, and put p = TrD?, ¢ = TrD?, v = TrD*. Here 0 < p < 1,
q > p? and v > p? by Cauchy/Jensen with weights given by the eigenvalues. Newton gives
24hy = 1+ 6p + 3p? + 8¢ + 6v. Therefore five times the lower bound for 24[hy — (3/5)p(1/2 + p)] is

5—6p—17p*+30p° = 3 —Lw+(28+30w)w? > 13(w—1/52)*+3 -5k >0, w=p—3€[-1/2,1/2].

Homogeneity restores (4.3).
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For n > 6 the centered scalar quartic bound of Lemma 7.6 is at most 3/5: its comparison reduces
to 9n? —66n+72 > 0, zero at six and increasing thereafter. At n = 5 the two reflected multiplicities
r = 1,2 give squared scalar ratios 45/256 and 5/9, respectively, both below 3/5; these follow directly
from the raw generating products. Scaling the hybrid bound by these scalar constants and applying
(4.3) proves the quartic assertion. If rank D = 1, then ht(D) = 2* and the trace theorem suffices
at every order. O

4.4. Top-order complete-homogeneous bound by ternary restriction.

Theorem 4.4. For every degree n > 2 and every admissible covariance deficit, including singular
D,

Ul < ha(D).
Consequently the complete-homogeneous target holds at k = 4 for every admissible degree. More
strongly, for every w € C™,

Rt < (2uBu) (4.4

Proof: We use the classical Helton—Vinnikov theorem: every degree-n ternary hyperbolic form has
a definite real symmetric degree-sized linear determinantal representation. See Hanselka (2015,
Theorem 1), including repeated-root and nonsmooth forms. This deep ternary theorem is an input;
no global determinantal representation of p is assumed.

Fix w = a+ib. Put ag = a — L(a)l, bp = b — L(b)1 and F(t,s,u) = p(t1 + sag + uby). Real
stability and conjugation imply hyperbolicity in (1,0, 0); its leading ¢ coefficient is one even if these
directions are dependent. The centered expansion is

n
F(t,s,u) =t"+ Z Rj(sag + ubg)t" 7.
j=2
The classical theorem and congruence normalization give F' = det(tl,, + sA + uC) with real sym-
metric A, C. Indeed the definite coefficient at (1,0,0) may be chosen positive, and its determinant
is F'(1,0,0) = 1, so the congruence introduces no scalar factor. Vanishing of the first centered
coefficient gives Tr A = Tr C = 0. Comparison of the second coefficient yields

— 1 Tr(sA+ uC)? = —(sag + ubo) ' B(sag + ub).

In particular Tr A%2 = 24" Ba and Tr C? = 2b' Bb, using B1 = 0. Translation invariance and the
determinant identity at (¢,s,u) = (0,1,7) imply R, (w) = det(A 4 iC). For its singular values o3,
AM-GM gives
> TT .2 > 07 ! 2 , , *
IR, (w)|? = j];[laj < <n> , ;aj = Tr[(A — iC)(A +iC)] = 2w* Bw.

The commutator has zero trace. This proves (4.4), including zero right side, without inverting B.

Put @ = diag(q). Let Z be standard circular complex Gaussian with independent coordinates
of density 7~le=?”. For the ordered symmetric tensor A, of Rn(Q_l/ 2%), complex monomial
orthogonality gives

E|Rn(Q_1/2Z)|2 = n'HAn”%v HUnH% = HAnH%

The second identity uses the exact density denominator (Z) = 1. Since D = (2/n)Q~'/?BQ~1/2,
integration of (4.4) yields

||UnH% < :hn(D>-

For the last equality, unitary diagonalization gives independent unit-mean exponential squared

moduli, with generating function [[;(1 — 2A;)~!. This is a finite coefficient identity at arbitrary

E(Z*DZ)"
n
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PSD D, not a Gaussian approximation or a spectral-radius restriction. The quartic conclusion now
follows from Proposition 4.3 and the case n = 4 just proved. At n = 1 the centered density is
Z€ro. ([l

For clarity, applying the same argument to the normalized degree-k derivative (k!/ n!)Di‘_kp only

gives
n\ [k—1\"
< ;) (5=1) mo.

Its top coefficient is Ry,/(}) and its normalized deficit is (k — 1)D/(n — 1). The displayed factor
can exceed one. The degree-six case is closed below. The real-scalar and complex-vector branches
use their respective coefficient hypotheses.

Theorem 4.5 (All-order comparison from the known complex factor). For every 2 <k <mn,

k
013 < ming2e, 50 me0). 5= () (1) (45)

n—1
The factor 24 is the known complex-vector constant of Han—Niles-Weed. All coefficients are finite
at arbitrary PSD D. In particular, if p(D) < 1,
X2(P||M) < 24{det(I — D)™' -1 -z}, (4.6)
X2 (P||M) < ansy + 24{det(I — D)™t —1 — 2 — hy(D)}.
Proof: For each complex direction w, the ternary pencil in the preceding proof gives M,, = A+ iC
with Tr My, = 0 and ||M,,||% = 2w*Bw. Its characteristic coefficients give Ry (w) = ex(A(My)),

even if the matrix is not diagonalizable. Schur triangularization gives 3, [A; (My)? < || My||%.
Apply the scaled complex centered-vector theorem of Han—Niles-Weed (2026b, Theorem 1.1):

<2 (7) (iw*Bw)k.

If all eigenvalues vanish the assertion is immediate. For standard circular complex Gaussian Z,
substitute w = Q1/2Z. Complex monomial orthogonality and the exact density normalization
give

2 "\E(z*D2z)* " 2 _ [14xll7
RIARlE < 24( ) B(ZDZ)" = 24( ) k(D) [[Ukll2 = 0
k

Cancellation proves the factor-24 branch, and the derivative argument above proves the other
branch. Thus finite orthogonality gives x*(P|M) < 24> 7_, hg(D). If p(D) < 1, extending the
nonnegative generating series to all orders proves the first determinant bound. Keeping the exact
quadratic energy a,se and extending only orders & > 3 proves the second. The determinant has
power minus one, distinct from the real-Gaussian envelope’s power minus one half. O

One may combine all these branches order by order:

V(PIM) < ansy + 3 min{spz* 2, sage2(D), ge(D), 24h(D), B hi(D)}.
k=3

The representation is still chosen separately for each ternary restriction.
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4.5. A sharper full-spectrum bound at order five. Order five admits a stronger uniform comparison
in general degree. The proof uses the same real scalar-to-hybrid transfer, with an explicit fifth-order
scalar constant, and elementary symmetric-polynomial inequalities.

Lemma 4.6. On the centered real squared-norm-n slice, let 3, 5 = max |e5\2/(7g). For everyn > 6,

Bn,5 < %

The uniform constant is sharp, attained at n = 6 and binary multiplicity r = 2. For n > 8 one also
has

B 4n(5n — 12)3
I = B = 18— D) (n— ) (n—3)(n — 4)

Proof: By the classical two-root reduction in Lemma 7.1, take multiplicities r,s = n — r. Put
c=(s—7)/\/rsand u = c? € [0,U], where U = (n — 2)?/(n — 1). Newton identities give
nc(6c? + 12 — 5n) n?u(6u + 12 — 5n)?
ér = , =
i 900(?)

(4.7)

30

For A = 5n — 12, the derivative of u(6u — A)? is (6u — A)(18u — A). Its maximum on [0, U] is
therefore bounded by the larger of its value at U and its local-maximum value at A/18, even when
the latter lies outside the interval. Their normalized contributions are
2n(n—2)(n—-3)(n—4)
E, = = B,,.
" 15(n —1)4 <15 "

For n > 8, 5n — 12 > (7/2)n and the denominator product in (4.7) is less than n?*, so B, >
343/2430 > 2/15. This proves (4.7). Moreover B,, < 3/4 for n > 8: after clearing positive
denominators, the difference is

3645(n — 1)(n — 2)(n — 3)(n — 4) — 16n(5n — 12)3
= 251944 + 468998y + 195495y + 30590y° + 1645y* >0, y=n—8>0.

At n = 6, reflected multiplicities r = 1,2, 3 give 96/3125, 3/4, 0;
at n =7 they give 7/162,6776/9375,7/64. These direct rational evaluations finish the proof. [

Lemma 4.7 (Sharp fifth spectral comparison). For every PSD D,
hs(D) > 2s293(D). (4.8)

For nonzero D, equality holds exactly when its positive spectrum consists of two equal eigenvalues.
Thus 3/8 is the best universal constant.

Proof: The zero case is immediate. Normalize x = 1 and write p = p2,q = p3,r = p4, s = p5, where
p; = Tr(D7?). Newton identities give

1+6p+8
g3 = %, 120h5 = 1 + 10p + 15p% + 20q + 20pg + 30r + 24s.
Hence E = 120[hs — (3/8)pgs] equals
E =1+ 5p—30p* + (20 — 40p)q + 30r + 24s. (4.9)

If p < 1/2, Cauchy/Jensen with the eigenvalues as probability weights yields ¢ > p?,r > p3, s > p?,
and the ¢ coefficient is nonnegative. Thus
E>(1-2p)(1+ 3p—p*—12p°) > 0.

The second factor is concave on [0,1/2] and has endpoint values 1,3/2, so this is strict if p < 1/2.
For p > 1/2, let e; be the elementary symmetric functions of the normalized eigenvalues. Another
Newton rearrangement of (4.9) gives

E=1(2p—1)(4—3p) + (240 — 60p)e3 — 240e4 + 120es.
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Since eg = xeg > 4e4 and p < 1,
E > 2(2p—1)(4 - 3p) + (180 — 60p)es + 120e5 > 0.

Equality forces p = 1/2 and e3 = 0, hence exactly two equal positive eigenvalues. Conversely that
spectrum gives equality. For eigenvalues (a, a), hs = 6a°, so = 2a® and g3 = 8a?, proving sharpness.
Homogeneity restores arbitrary x. O

Theorem 4.8 (Fifth-order full-spectrum refinement). For every admissible stable count law of
degree n > 6,
U513 < min{2, By 5}hs5(D). (4.10)
For n > 8 the sharper coefficient is
|Us|j3 < Cuhs(D),  Cn =min{2, 555, (8/3)By}. (4.11)

In particular, ||Us||3 < (10/9)hs(D) for every n > 256 and every spectrum. These bounds include
singular D and impose no spectral-radius restriction. The third branch tends to 800/729 > 1; no
unrestricted factor-one conclusion follows. At n =5 the top-order factor one is stronger.

Proof: A scalar squared constant § multiplies the hybrid bound by 3, as in Proposition 4.3. Lem-
mas 4.6 and 4.7 give respectively the factors 2 and (8/3)B,. The derivative branch is already
established in (4.5). At n =6 it is 6144/3125 < 2, so it is retained.

To obtain the stated high-degree corollary, B, < 5/12 is equivalent to

P(n) =6075(n — 1)(n — 2)(n — 3)(n — 4) — 48n(5n — 12)3 > 0.
Its exact shift at n = 256 + y is
P(256 + y) = 34765845384 + 1638253434y + 16121745y + 592505° + 75y*.

Every coefficient is positive, proving the assertion on the entire real ray n > 256 and hence every
integer degree there. The limit of (8/3)B, is (8/3)(500/1215) = 800/729. The threshold is a
sufficient one. The separate scalar and spectral inputs are sharp. [l

Corollary 4.9 (Two fifth-order factor-one regions). Let n > 6 and D # 0. The factor-one bound
holds if either
S9 1 )\max(D)
2 <= Imaxi) >
2-1 7T =
The corresponding gaps hs — ||Us||3 are at least 1727 /53240 and x° /4096, respectively. For general
degrees n > 7, an intermediate spectral region remains uncovered.

(eI

Proof: Normalize z = 1. For p < 1/11, use ||Us||3 < (3/4)pg3 and
120[hs — (3/4)pgs] = 1 — 5p — T5p? + (20 — 100p)q + 307 + 24s
>1—5p— 55p° — 70p> > 51/1331.

Here the ¢ coefficient is positive, ¢ > p?,r > p?, and the last polynomial decreases for p > 0. For
a = Amax(D) > 7/8, the spectral-square branch and the monomials of hs give

Is13 < dp<ile®+(1-a)], hs2a’+a'(l-a)=a"
Their difference is f(a) = o — (3/2)a? + (3/2)a — 3/4, with f(7/8) = 1/4096 and f'(a) > 0 on
[7/8,1]. Rescale by z°. O

In any orderwise chi-square bound, the & = 5 summand may therefore be replaced by these
stronger branches. The ingredients are the credited real root reduction and tensor transfer, together
with the explicit fifth-degree calculation and sharp spectral comparison.
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5. Sharp degree-six coefficients and stable-law transfer

Theorem 5.1. For every z € C® with Y,z =0,
215
es(a2 < ZalE0) 5.1)

The constant is optimal. FEquality holds precisely when z = 0 or when z is a permutation of
c(2,2,-1,—-1,—-1,-1) for some ¢ € C\ {0}. Consequently every degree-siz homogeneous stable
count law, in every covariance-deficit rank, satisfies the sharp bound

U513 < 3hs(D). (5.2)
In particular, together with the lower-order and top-order results, every order in degree six satisfies

the complete-homogeneous factor-one target.

Proof: The zero vector is immediate. Otherwise homogeneity gives > |2|? = 1. Two zero coordi-
nates give e5 = 0; exactly one gives |e5|? < 575 < 1/1728 by AM-GM. Otherwise write z; = r;u;,
where 7; > 0, |u;| =1 and > ryu; = 0. With Ps = [] 4, for every real c,

Zﬂ §P6Z]ri_1—cri\.
— T P

(2
The right side is minimized at a weighted median ¢ = t=2 of the numbers T 2 with weights r;,
where ¢ = r; is one radius. Choose o; =1 for r; < t and o; = —1 for r; > t. Signs at ties are free.
If there are m tied radii, including j, the median condition bounds the signed strict-group sum J
by |J| < mt. The other m — 1 tie signs give offsets —(m — 1)t, —(m — 3)t, ..., (m — 1)¢; intervals of
radius t around these offsets cover [—mt, mt]. Hence the signs can be chosen so that, for the five
real numbers z; = o;1; (i # j),

L=>) a, |LI<t, £+ 27=1 (5.3)

The minimized majorant is exactly

Py Z rt = /12 = |tea(x) — (L/t)es(z)] . (5.4)

les(2)] = Po

Indeed es(x) = es(x) > 1/x;, and every tied sign contributes zero. We may discard all remaining
sign and ordering restrictions on x.

Fix L, R = > 2? and t. The maximum of the absolute affine coefficient functional in (5.4) on the
compact real-rooted slice with fixed e; = L and e3 = (L? — R)/2 occurs with at most two distinct
roots. This is the classical hyperbolic two-slice principle, directly covered by Riener—Schabert (2023,
Theorem 2.8 and Corollary 2.10). For completeness, maximize either sign and select a maximizing
quintic f with the largest number d of distinct roots. If 3 < d < 5, write f = hg, with g containing
each distinct root once. The perturbations h(g + €) = f + eh preserve real-rootedness for both
sufficiently small signs and preserve the first two coefficients because deg h < 2. A nonzero change
of the functional improves one sign. A zero change preserves the maximum but splits a repeated
root, increasing d. Both are contradictions. If d = 5, perturb by e€X; both small signs preserve
real-rootedness, while the nonzero coefficient ¢ of e4 improves one sign. Thus d < 2. Since the
selection maximized the distinct-root count over all maximizers, this excludes every maximizing
vector with three or more distinct values, including a flat maximizing stratum.

Label the two values a, b, with minority multiplicity » € {1,2} and majority multiplicity s = 5—7.
The one-value case is included by a = b. If b = 0, at least three coordinates vanish and the objective
is zero. Otherwise reversing every sign allows b > 0. Put

v=a/b, T=t/b, L=rv+s, R=r?+s, P=v", A=rv" ! +s0".
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(Here L, R are the rescaled quantities.) The normalized objective squared is

(Té;fé{?i F>0, 72> I2
It suffices to prove, for every real v,
fr(v,X)=X(X +R)> - 1728(AX — LP)>>0 (X >L?). (5.5)

Write X = L2 +y, V=L?>+ R >0, and f, = Z?:o cjy’. Then

co = L?J, J=V>—-1728(LA — P)?,

c1 = V46V — 5R) — 3456 AL(LA — P), co = 5V3(3V — 2R) — 172842,

c3 = 10V2(2V — R), cy =5V (3V — R),

cs =6V — R, ce = 1.

In particular cs3, ¢y, c5,c6 > 0. For r = 1, putting w = (v + 2)? gives
J = 32w(w* 4 30w + 360w? + 1296w + 11664) > 0.
For r =2,
J=1776(v + 2)2Q(v + 1), Q(w) =1 — 2w + 8w? — 14w + 22w* — 14w® + 8uwb — 20" + w®.

For w < 0, Q(w) > 0 term by term, and Q(0) = 1. For w > 0, Q(w)/w* = 2* — 223 + 422 — 82 + 8,
where z = w + w™! > 2; substitution z = 2 + h gives 8 + 16k + 16h? + 6h3 + h* > 0. Thus ¢y > 0
in both cases.

The remaining five univariate positivity certificates are given explicitly below. For » = 1 they
prove c1,ce > 0 on R; hence every coefficient of f; is nonnegative. For r = 2 they prove ¢, c3, A =
4cic3 — c3 > 0 on R. Therefore

fo=co+yler +coy +esy?) +eay* +esy® +y5 >0 (y >0).

This proves (5.5), then the radial bound and (5.1). Sharpness follows from z = (2,2, -1, -1, —1,—1):
3 |zi? = 12 and e5(z) = —12.

We now determine equality in the complex inequality. The zero-coordinate cases above are
strict, so all radii are positive. Equality in the radial majorant forces the selected real five-vector
to maximize the appropriate signed coefficient functional on its own fixed-L, R slice: an improving
point on that slice would preserve ¢, the normalization and |L| < ¢, contradicting the sharp radial
bound. The all-maximizer argument therefore applies to this actual vector. Use its binary param-
eters above; b = 0 would make the objective zero, so b > 0 after simultaneous sign reversal. For
r = 1, the strict positivity of ¢; gives fi(v, L? +y) > 0 whenever y > 0. For r = 2, the strictly
positive quadratic ¢; + coy + c3y? gives the same conclusion. Equality thus requires y = 0. Since
X =t2/b*> = L? > 0, the identity cg = L?J = 0 forces J = 0. The strict factors displayed above
leave exactly v = —2. For r = 1 the five signed radii are (—2b,b,b,b,b) and t = 2b; for r = 2 they
are (—2b, —2b,b,b,b) and t = b. In either case the six original radii are two copies of 2b and four
copies of b.

Equality must also hold in the triangle inequality in the exact identity

ZW(Ti_l - ri/t?)

If t = 2b, the two large-radius coefficients vanish and the other four equal 3/(4b) > 0. Thus the
four small phases agree, say with a unit \. Centering gives ur, 1 + ur 2 = —2A, forcing both large
phases to equal —A. If ¢ = b, the small-radius coefficients vanish and the two large coefficients
equal —3/(2b). They force the large phases to agree; centering makes the sum of the four unit
small phases have modulus four in the opposite direction, so those phases also agree. This includes

les(2)| = Ps
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all median ties: the selected endpoint radius is either b or 2b, and signs at the tied radii contributed
zero to the majorant. Hence equality gives precisely the stated complex orbit. The sharpness
calculation above, complex homogeneity and permutation invariance prove the converse.

For the stable-law assertion, the existing ternary restriction supplies, separately for every complex
direction w, real symmetric matrices A, C such that Rs(w) = e5(A + iC), Tr(A 4+ iC) = 0 and
|A +iC||% = 2w* Bw. The six eigenvalues are centered and their squared-modulus sum is at most
this Frobenius square by Schur triangularization. Consequently

|Rs(w)[? < (2w* Bw)® /1728.

For standard circular Gaussian Z, substitute w = Q=27 and use D = %Q‘UQBQ_I/Q. Gaussian
coefficient orthogonality and the exact density normalization give

65! hs (D)
Us||a < ———= = 3p5(D).
101 < ey = (D)
Matrices may depend on w; no global determinantal representation in arbitrarily many variables is
used. Singular deficits cause no division. O

Exact certificates on the full real line. The following table specifies complete Bernstein partitions
for the five polynomials used above. The variables in the partition column are denoted w and
belong to [0, 1].

r | polynomial | degree | partition endpoints
1 1 10 0,%,%,%,%,1

1 (&) 8 0, ?, g, 1

2 c 10 |0, 2 231

2 C3 6 O, ?, %, 1

2| deyes—c3 | 16 |0,4,2,3.1

Here is the exact verification method, implemented in the accompanying standard-library program
verify_complex_six.py. Reconstruct each p(v) = Z?:o a;v' from the displayed formulas. All a;

are nonnegative and ag > 0, proving positivity for v > 0. For v < 0 set v = —w/(1 — w); the
Bernstein controls of (1 — w)%p(—w/(1 —w)) are
—1a,
61-:( Vai 0<i<d.

) — —=
(%)
Apply exact rational midpoint de Casteljau subdivision, retaining both children, to the listed
intervals. Every entry of every resulting control array is strictly positive. These are twenty full
arrays, and their intervals cover [0, 1]. Since the Bernstein basis is nonnegative and sums to one, this
certifies positivity for every negative real v, without a cutoff or sampling argument. The program
also verifies the two exact factorizations of J. Thus the computational part consists only of finite
integer and rational identities and strict sign checks.
Attainment by positive stable count laws. For 0 < e < 1/4 consider

P(X,Y) = (5 +20X + (5 — 20V PI(3 — )X + (3 + Y]

This is a normalized stable product law with positive coefficients, means (3,3) and ¢ = (1/2,1/2).
Direct calculation gives

B = 6¢* (_11 _11) . D=4e <_11 _11> , Rs=—-12(X —Y)°.

The nonzero eigenvalue of D is 8¢2, so

144¢€10

hs(D) = 32768¢"%, ||Us[[§ = —¢

(2+2)° = 24576€'% = 2h5(D).
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Thus the constant is attained within the stated count-law class.
Corollary 5.2. For every degree n > 6, the fifth-order spectral bound has the additional branch

3125 (%)
Us||2 < b,hs(D b, = —o 8L
|Us]l3 < bnhs(D), S (-1

This branch is sharp at n = 6.

Proof: Use the classical complex derivative-root contraction, in the credited derivative argument
of Han-Niles-Weed (2026b, Section 1.1). For centered z € C" with Y |2]|? = n, differentiate its
monic root polynomial n — 6 times and normalize to obtain six roots w. Coefficient differentiation
and the iterated contraction give

6
6 30

es(w) = 665(2)’ Z Jwj|* < 1
5 j=1

Theorem 5.1 yields

m\ 2 n—1))° n
es(2)P? < <(g)) e = (2)

Apply the same pointwise ternary/Schur and Gaussian transfer as above, now with
D= (2/n)Q '*BQ7?,
to obtain the spectral assertion. ]
This improves the previous degree-five derivative branch by the factor 3125/8192. The higher-

degree bounds satisfy by = 21875/20736 > 1 and lim, ;o b, = 625/192 > 1. The branch can be
combined by minimum with the other established bounds.

5.1. An exact rank-two matriz formulation. The degree-six, rank-two sharp bound has an exact
finite-dimensional matrix formulation. The converse below realizes every admissible matrix pair by
an actual positive stable count law, so this reformulation does not enlarge the problem to arbitrary
symmetric tensors.

Theorem 5.3 (Exact rank-two matrix reformulation). The following assertions are equivalent.

(1) Every admissible stable count law of degree 6 with rank D = 2 satisfies |Us||3 < (3/4)hs(D).
(2) For a 6x6 matriz M, write es(M) = [t] det(tls+M), the ordinary fifth elementary function
of its eigenvalues. For every pair of real symmetric 6 X 6 matrices H, K with

TrH=TrK =Tr(HK) =0, TrH?=TrK? =1,

write
5 - -
es(zH +wK) = chzﬁ*]wj.
=0

Then, for every a,b >0,

5 5
. 5 -
L 2 Ny 5— . 5_
St i (a,b) := E cj(5 —la’¥ < Shs(ab),  hs(a,b) = ]E:oa Y. (5.6)

j=0

It is enough to establish the second assertion for a,b > 0. Both assertions hold by Theorem 5.1.
The equivalence proof also realizes every admissible matriz pair by a positive stable count law.
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Proof: First suppose the matrix assertion holds. Each centered coefficient R; is constant along
ker B. To see this directly, fix v € ker B. The centered roots associated with x + sv have squared
norm 2z ' Bz, independent of real s, by (2.2). Their elementary coefficients are therefore uniformly
bounded in s. The polynomial R;(x + sv) is consequently constant. This argument only requires
a finite root-norm bound, not the desired spectral inequality.

Let a,b > 0 be the two nonzero eigenvalues of D, with orthonormal eigenvectors wui,us, and
put @ = diag(q). Since D,/q = 0, the vectors Q~1/2u; are centered for L. The kernel descent
just proved shows that all whitened R; depend only on these two coordinates. The full ternary
restriction

F(t,z,w) = p(t1 + QY2 (zuy + wuz))
is monic of degree six in ¢, hyperbolic in (1,0,0), and has zero > coefficient and quadratic coefficient
—3(az? + bw?). The classical ternary representation used in Theorem 4.4 gives

F(t,z,w) = det(tI + zA + w(C)
with real symmetric matrices satisfying
TrA=TrC =Tr(AC) =0, TrA?=6a, TrC*=6b.

Thus H = A/v/6a and K = C/+/6b satisfy the matrix hypotheses.
For independent standard circular complex Gaussians Z, W, monomial orthogonality and the
exact density identity give
_ Eles(vV6aZH + V6BWK)[>? 6 54

Here other Gaussian coordinates disappear by kernel descent, and hs(D) = hs(a,b). Equation (5.6)
proves the first assertion.
Conversely, fix any matrices in the second assertion and a,b > 0. Set

Hl = \/&Ha
Hy=-1vaH+ V3K,
Hy=-1VaH - 1V3hEK.

For sufficiently small € > 0, all three matrices A; = I/3 4+ eH; are positive definite and sum to I.
Define

3
p(Xl,XQ,Xg) = det (Z XlAz> .
=1

This is homogeneous of degree six and normalized at 1. Its stability follows because ) . (3X;)A;
is positive definite when every SX; > 0. Its coeflicients are nonnegative by Cauchy—Binet applied
to concatenated square-root columns of the A;. They are in fact strictly positive: write A; =
01 + B; with a common ¢ > 0 and B; > 0; the same expansion contains the positive contribution
(56(X1 + X9 + X3)6

The means are t; = Tr A; = 2, so ¢; = 1/3. Direct second-coefficient comparison gives

2
B= % Gram(Hi, Hy, H;), D = B.

In the orthonormal H, K coordinates, the three frame vectors are (v/a,0), (—v/a/2,v/3b/2) and
(—v/a@/2,—+/3b/2). Their frame operator is diag(3a/2,3b/2). Hence D has exactly two positive
eigenvalues (3€2/4)a, (3€2/4)b.

Whitening multiplies the category coordinates by v/3. An orthogonal change among independent
circular Gaussian coordinates therefore makes the whitened fifth-coefficient matrix equal in law to

e+/9/2 (vVa ZH + VbWK).
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Consequently

6lO 9/9 5
0513 = S 5 ab), ha(D) = 3/,

Their ratio is (54/5)SH, i (a,b)/hs(a,b). The first assertion applied to this genuine rank-two stable
law proves (5.6) for positive a,b. Polynomial continuity proves the nonnegative endpoints as well;
both sides vanish at a = b = 0. ([l

The realization retains the simultaneous matrix constraints. The coupled weighted inequality
(5.6) is therefore a consequence of the full stable-law theorem, with the stronger coefficient 5/72.

Corollary 5.4 (Two coupled pencil subclasses). Let H, K satisfy the matriz hypotheses of Theo-
rem 5.5. Suppose either
(1) det(zH + wK) is identically zero as a polynomial in z,w; or
(2) there is a common orthogonal decomposition RS =V @ W, with dimV = 4, dimW = 2,
preserved by both matrices, and every restricted block Hl|y, K|y, H|w, K|w has trace zero.

Then, for all a,b > 0,

120
S b) < ——h b).
H.k(a, ) < 3125 5(a,b)
In particular, a degree-six rank-two stable law whose centered ternary pencil has either property

satisfies
1296
U513 < 3oehs(D) < hs(D) (D #0)
Neither condition requires H and K to commute. The singular-pencil condition concerns the matriz
polynomial, not a reduction of the covariance rank below two. The same count-law bound also holds,
without a restriction on covariance rank, for p = pape where the normalized homogeneous stable

count-law factors have degrees four and two and the same mean proportions q.

Proof: Let Z,W be independent standard circular complex Gaussians and set M = /a ZH +
VbW K. The global orthonormality conditions give

1M 7 = alZ| + bW

In the first case, M has a zero eigenvalue. If it has at least two zero eigenvalues counted algebraically,
es(M) = 0. Otherwise e5(M) is the product of its other five eigenvalues. Schur triangularization

and AM—-GM therefore give
M 2F >
’es(M)\z < (‘ 5” > .

This argument does not require normality or a common kernel for the pencil.

In the second case write M = A® B with trace-free complex 4 x4 and 2 x 2 blocks. Characteristic-
coefficient multiplication gives es5(M) = e3(A) det B. For the four eigenvalues of A, their zero sum
permits the Hadamard parameterization

MA) =F(u+v+w, u—v—w, —u+v—w, —u—V+w).

It satisfies e3(A) = vvw and 3_; INj(A)? = |u®+|v[*+|w|?. Thus, with X = ||A[|% and Y = || B|%,
Schur triangularization and AM—-GM imply
3 2

X Y
les(A)|? < |det B? < —.

<o
Consequently
X3Y2 X Y 5 M 10
108 3125 3125
The middle inequality is weighted AM—-GM, with the maximum X : Y =3 : 2 for fixed X + Y.
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In either case complex monomial orthogonality and exponential moments give

2 E(a|Z|? + b|W|?)? _ 120
- 3125 3125

The exact factor 54/5 in Theorem 5.3 gives the count-law conclusion. Positive hs(D) makes the
final inequality strict whenever D # 0.

For the last assertion, let By, By be the two factors’ covariance deficits. Their common L = g -z
makes the centered product coefficient exactly Rs = R§4)Ré2), and covariance additivity gives
B = B4+ By. On each complex direction w, apply the justified ternary representation separately

to each factor. The size-four estimate above and the quadratic top bound give

S}LK(CL,[)) :E|€5(M)| h5(a,b).

4 8 * 2 *
B @) < S Bw)?, R W) < (" Bow)®
With X = w*Bsw and Y = w* Bow, weighted AM-GM yields
32
2 < * 5'

For total degree six, D = %Q‘l/zBQ_l/Q. Substituting w = QY27 and using the exact fifth-
density identity therefore gives

32-3° 1296
Us|l3 < hs(D) = ———hs(D).
sz < 355 55(P) = 375 5(D)
The separate ternary matrices may depend on w; no global determinantal model in an arbitrary
number of variables is used. O

The second condition retains a genuine common block constraint without imposing simultaneous
diagonalization. The first includes the case Rg = 0 in the centered expansion. These are sufficient
subclasses. The proof uses classical characteristic identities, Schur triangularization and AM—-GM.
The product extension requires matching mean proportions of its two factors; arbitrary products
with different means are not covered.

6. A nonfactorizable cubic obstruction to a Frobenius-power extension

The preceding spectral-square bound cannot generally be replaced by the stronger Frobenius
power available for permutation-product models. We give actual stable count laws, rather than
only a generic tensor obstruction.

Theorem 6.1. For every integer r > 5, there are degree-three real-stable count laws P, P? on

2r categories with strictly positive coefficients, identical means and covariance, and nonzero D
eigenvalue 262 /(3r) repeated r times, where any fized 0 < § < 1/4 is allowed. With ¢ = 1/4,
268 27¢?

1000r 8000

x=202/3, sy=46%/(9r), |Us(P)|3 > So.

The law P has Us = 0. Consequently no dimension-uniform finite K gives |Us||3 < ng/Q on
the full stable class, even at fized degree three and fixed x > 0. Both laws are nonfactorizable into
nonnegative categorical linear forms.

Norm-one real symmetric cubic tensors with squared Frobenius norm of order 72 are established
tensor-norm phenomena; see Cao, He, Li and Wang (2023, Theorem 4.6 and Corollary 4.9). We
include a self-contained probabilistic existence proof with sufficient constants. This is an analytic
existence argument, not a numerical search or an algorithm outputting a tensor in every dimension.
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Proof: Let N = dim Sym*(R") = (TJ?:Q) and choose an isotropic Gaussian G in that Euclidean
space, with the ordered Frobenius metric. Then ||G|% has mean N, variance 2N, and

Pr(||G|% < N/2) <8/N < 1/4 (r>5).

For a fixed unit u, G(u, u, u) is a standard normal because |[u®3||p = 1. A sphere 1/6-net has at most
13" points, by disjoint radius-1/12 ball volume comparison. Banach’s theorem identifies the diagonal
supremum M with the full trilinear norm; telescoping gives |G(u,u,u) — G(v,v,v)| < 3M|lu — v||,
hence M < 2maxyet |G(v,v,v)|. The Gaussian tail and union bound give

Pr(M > V/32r) <2137 " < 2¢7" < 1/4.

Here log 13 < 3 and e® > 8, both certified by lower Taylor sums. A realization outside both failures
has M > 0 and, upon normalization A = G/M,

sup |A(u,u,u)| =1, |A||% > N/(64r) > r*/384 > r?/1000. (6.1)

[Juf| =1

Put C(u) = A(u,u,u) and F.(z,u) = 2% — z||u||* + ¢C(u), with ¢ = 1/4. The depressed-cubic
discriminant is
4|u)|® = 27¢2C(u)* > (4 — 27/16)||u|® > 0.

Thus F. is homogeneous and hyperbolic in e = (1,0) with F.(e) = 1, also at u = 0; the same
holds for ¢ = 0. Let m = 2r and index u; by +ej,—ei,...,+e., —e.. Then ZZ u; = 0 and
Suu) = 2I. Set v; = (1,6u;). Every real root of F.(z,du;) has modulus less than 26: for
|z| > 26, |23 — §%2| > 66% > ¢0®|C(u;)|. Therefore the characteristic roots of v; relative to e are
positive, being one minus these roots. The classical Garding cone theorem gives an open convex

cone of such directions and hyperbolicity in every direction in it Bauschke et al. (2001, Fact 2.7).
Define

pC(X) = Fc <Z;n)(l, % ZXZUZ> = mngc(Z Xz'Uz)

It is normalized at 1. If all 3X; > 0, the imaginary vector b = >, (3X;)v; belongs to that cone.
With a = ) ,(RX;)v;, the polynomial ¢ — F.(a + tb) has only real roots and nonzero leading
coefficient. Hence F.(a + ib) # 0: p. is real stable. This deduction is the standard hyperbolicity-
to-tube argument, not a coordinatewise discriminant shortcut.

Coefficient positivity is separate and explicit. The symmetric polarization at v;, vj, v; equals

2

1— E(uZ “uj U up U ug) —|—c53A(ui,uj,uk) >1-—6%—¢6>0.

Banach bounds the last absolute value by one even with repeated indices. Each count monomial
coefficient is a positive multinomial multiplicity times this expression divided by m3. Thus p. and
po are genuine strictly positive count laws.

Write L =) X;/m and U = ) X;u,. Exactly,

52 cd?

pe=L° - WHUWL + $C(U).

Since U(1) = 0, the last term has zero first and second derivatives there. Both laws have t; = 3/m
and B = (62/m?) Gram(u;), independently of ¢; the displayed terms are their centered Ry, R3. The
Gram spectrum is two repeated r times and zero otherwise. Thus D = (2m/3)B has the asserted
spectrum.

Since ¢; = 1/m and (g) = 1, the exact ordered cubic density identity and UU " = 2T give
256 250

2 _ 3 2 _ 2
031 = S 2%l = -4,
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Equation (6.1) proves the lower bound. Since 53/2 = 860/(27r3/2), its ratio is at least 27¢%\/r/8000
and diverges.

Finally a product of three normalized categorical forms with vectors w, and mean row ¢ has
B = %Zzzl(wa — q)(wq — ¢)" and rank at most two, because the deviations sum to zero. Our
B has rank r > 5 for both laws. Any nonnegative linear factors can be normalized, so neither
polynomial admits such a factorization. O

The relative quadratic chi-square increment here is at least 3¢262/1000, since x?(P°||M) = agsz
and the cubic energy adds orthogonally. It need not vanish as so — 0 at fixed trace; absolute
chi-square still tends to zero by Corollary 4.2. This does not infer a TV lower bound from L2, nor
contradict the product-subclass results of Han—Niles-Weed. Generic real tensors cannot prove that
target: R(X +iY)* = X4 — 6X2Y?2 + Y* has diagonal norm one and ordered squared tensor norm
eight, whereas h4(1,1) = 5. This last tensor is an abstract symmetric-tensor example.

7. Sharp real coefficients and equality

The complete domain partition is the guide to the following proof: degrees 2-50 use Lemma 7.4;
degrees 51-599 use Lemma 7.15. For n > 600, the bottom half uses Corollary 7.13. In the top half,
codimension zero uses AM—GM, codimensions 1-19 use Theorem 7.16, 19-40 use Theorem 7.17, 41—
79 use Lemma 7.14, and the remaining central range uses Theorem 7.10. The shared boundary at
19 and the 50/51, 599/600 degree boundaries are included. Equality is handled after the strictness
gates.

7.1. Coefficient bounds and finite-degree certificates. The coefficient extremum reduction used next
is classical: see Riener and Schabert (2023, Theorem 2.8 and Corollary 2.10), as well as the real-
vector reduction in Han and Niles-Weed (2026a). We include the needed special proof.

Lemma 7.1. For fizedn > 3 and 3 < k < n, the mazimum of |ex(\)| on >, i =0, >, A2 =2 is
attained at a vector with two distinct values.

Proof: The slice is nonempty and compact. Maximize either sign of eg, and among maximizers
select one with the largest number d of distinct roots of f(z) = [[;(# — Ai). If 3 < d < n, write
f = hg, where g contains each distinct linear factor once and h retains multiplicity minus one.
For either sufficiently small sign of €, g + € has d simple real roots near the old roots. Thus
f+eh = h(g+e) is real-rooted and preserves the first two coefficients, since degh =n—d < n—3.
If the target coefficient of A is nonzero, one sign improves the objective. Otherwise the objective is
constant. Every repeated old root remains through h and also supplies a new nearby root through
g + €; no new root equals an old one. Taking disjoint neighborhoods of distinct old roots shows
the distinct-root count strictly increases, a contradiction. If d = n, perturbing by 2" * preserves
the first two coefficients and real-rootedness for both small signs, but changes the objective. Hence
d < 2. The positive square sum rules out d = 1. Apply this argument to both signs to obtain the
absolute-value assertion. O

7.1.1. A uniform real coefficient refinement. The following mass-budget estimate is an elementary
rearrangement inequality for the arcsine weight. The contour, binary reduction and enlarged Beta
integral that follow are the ingredients of Han and Niles-Weed (2026a, Appendix B.1); the change is
to use this estimate instead of their endpoint/interior split and to retain the normalization factors.

Lemma 7.2. If f is measurable and 0 < f <1 on [-1,1] and A = f_ll f(t)dt, then

L) <3
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Proof: The endpoints A = 0,2 are immediate. Otherwise putb=1—A/2 and F = [-1,—bJU[b, 1].
Its length is A. For w(t) = (1 —t2)~'/2 one has (1 — f)(w — w(b)) > 0 on both E and its
complement. Since [(1g — f) = 0, integration gives [ fw < [, w = 2arccosb. For 0 < u < /2,
the chord bound for sine on [0,7/4] gives sin(u/2) > v2u/w, so 1 — cosu > 4u?/7. Apply this
with u = arccos(1 — A/2) to obtain the assertion. O

Theorem 7.3. For every centered real vector z with Y, 22 = n,

1/4 20
2<0o(") (0<k< Co="_— <=, 7.1
lex(2)]" < Col ) (0=<k=n) =" <7 (7.1)
Proof: The normalized domain is empty at n = 1. The orders zero, one and two follow from
eo = 1,61 = 0,e2 = —n/2; order n also follows from AM-GM on [] z?. By Lemma 7.1 and scaling,

the other orders reduce to a vector with r entries y/s/r and s entries —/r/s, where r 4+ s = n. For
1<k<n-—1put

(14 p*)/?
P n_ka Vo n ) 0 pk

Define, for —1 <t <1,

(14 p2s/r +2p+/s/r t)r/2(1 + p%r/s —2py\/1/s t)5/2
(14 p2)"/? '

The affine brackets are nonnegative. Their weighted average with weights r/n, s/n is 1 + p?, so
weighted AM-GM gives 0 < f < 1. Cauchy’s coefficient formula, followed by the triangle inequality

and ¢t = cos 6, yields
Hy / 0
er(z)] < — dt.
)< 2 [ S
Let t— and t; be the zeros of the first and second brackets. They satisfy t_ < —1 and t; > 1
by AM-GM. The affine substitution ¢ = t_ + (¢4 — t_)u, extending the nonnegative unweighted
integrand to this larger interval, gives

N T
_ <
A /_1 ft)dt < 2 rrtD/25(+1)/2 I'(n/2+2)

ft) =

Here the Beta integral is fol u'/ 2(1 - u)s/ 2 du. To bound it, use the standard Stirling inequalities,
for x > 0,

Vorz(z/e)® <T(z+1) < Vorz(z/e)®e/ (127,
Apply upper bounds at /2, s/2 and the lower bound at n/2, keeping I'(n/2+2) = (n/2+1)I'(n/2+
1). Cancellation, and (1 + p?)/p = v/n/vo, give

VT prrys/6
— Jugn—+2

Independently, factorial Stirling bounds at k,n — k,n give

2
Hy - fais 1B+ (=112,

(%)
Combining both estimates with Lemma 7.2,
lex(2)]”

(%)

s 1/r+1/s 1/k+1/(n—k)
—ﬁn+2eXp< 6 12 )
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Each reciprocal sum is at most n/(n — 1), since its positive integer arguments sum to n. The
exponent is therefore at most n/[4(n — 1)]. Since

S 1
n+2~ 4(n—1)

log(1+2/n) > (n>2),

the last bound is at most Cj.
For completeness we certify the rational ceiling in (7.1). The elementary identity

29 1 401 _ \4
_W_/ S Cl)
7 0 1+I’2

follows by division: its integrand equals 2% — 425 + 5z — 422 + 4 — 4/(1 4+ 2%). Also v/2 > 140/99
since 19600 < 19602. The exponential series has consecutive-term ratio at most 1/20 after its
order-four term, hence

i R S
— J! '(1—-1/20) ~ 200
Consequently
22257 99 559746 20
1< oo = < =
7 200140 196000 7
These rational comparisons are also checked by the accompanying code. O

Scaling the roots in (2.2) and applying Lemma 3.1 now gives the all-order estimate

2
EpU2 < Co(2W)F < 70(2W)k. (7.2)

7.1.2. Small-degree scalar certificates.

Lemma 7.4. For 2 < n < 50, every centered real vector with squared norm n satisfies |ex|? < (2)
for every 0 < k <mn.

Proof: Orders zero and one are immediate, and ea = —n/2 gives squared ratio n/[2(n — 1)] < 1.
For k > 3, apply Lemma 7.1. The raw binary roots s repeated r times and —r repeated s times,
r + s = n, have squared norm nrs. Their coefficient is

Fprk = za: <2> <l<: i a) s3(—r)Fa,

The standalone program checks the integer inequality

Fos () o)

for every 2 < n < 50, every 1 < r < n and every 2 < k < n. All 40,425 comparisons pass. Each
label and total count is checked; only exact integers decide the inequalities. Dividing the roots
by /rs and applying the same-n extremum lemma proves the full-real statement. This is a direct
scalar certificate, not an inference from a sufficient finite-degree TV criterion. 0

7.2. Exceptional profiles and fized low orders. We normalize centered real root vectors by >, 22 =

n. If )
er(z
s
(&)
then scaling (2.2) and applying Lemma 3.1 gives EpUZ < 2kb, WE. All root extrema below use
Lemma 7.1 one coefficient at a time; their maximizing profiles need not coincide.

(7.3)
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7.2.1. Discrete exceptional profiles.

Lemma 7.5. If a centered, variance-normalized two-valued vector has either root value with mul-
tiplicity one or two, then (7.3) holds with by, =1 at every order.

Proof: Negation and permutation allow us to treat the smaller specified block. For multiplicity one
the values are v/n — 1 once and —1/y/n — 1 repeated n — 1 times. Expansion gives

n e2 _1\2(n
w-cvan(Qa-nn g -

The ratios at k = 0,1 are one and zero. At k = 2 the ratio is n/[2(n — 1)] < 1. For fixed k > 3,
regard the last expression as a function of real n > k. Its logarithmic derivative is

L vl >0
1) -1
because the j = 2 term exceeds the negative term. It therefore increases to (k — 1)2/k! < 2/3.
This last sequence starts at 2/3 for & = 3 and decreases thereafter, since its next-term ratio is
E2/[(k+1)(k-1)?] < 1.
For multiplicity two, assume n > 4; the case n = 3 is already multiplicity one after reflection.

The values are \/(n — 2)/2 twice and —4/2/(n — 2) repeated n — 2 times. Direct expansion gives

e (n 2 \* (k= 1)((k—4)n+4)
(—5) = (k> <n_2> F(n,k)*  F(nk) = 1) : (7.4)

The orders zero and one are immediate. At order two the general centered identity gives ratio
n/[2(n — 1)] < 1. For order three, two-valued extrema have es = nc/3, with ¢ = (s — r)//rs, and
¢ < (n—2)%/(n —1). Hence the ratio is at most Zn(n — 2)/(n — 1)? < 1. For order four, the
centered fourth-moment bound proved below gives ratio at most 3n(n — 2)/[8(n —1)(n —3)] < 1
for n > 4; the cleared difference 5n? — 26n 4 24 is zero at four and increases thereafter.

For 5 < k < 11, clearing positive denominators in (7.4) reduces the assertion to

16k!(n — 1)%(n — 2)* — 28 (n)(k — 1)2((k — 4)n + 4)2 > 0. (7.5)

Put n = k + x. The companion exact program expands these seven integer polynomials. Every
coefficient is strictly positive; their minimum coefficients, in order k = 5,...,11, are

1408, 5120, 39168, 444416, 4986880, 55074816, 628633600.

The program constructs both products in (7.5) by integer linear-factor multiplication and checks
every coeflicient, so this proves the inequality for all real > 0, not just a finite list of n.
For n > k > 12, the factor F' is nonnegative and is at most nk(k—1)/[4(n—1)] < (3/11)k? < k?/3.

Also (}) < nF/k! and
n k k K
< | — .
<n—2> _<k—2> <9

Indeed tlog(t/(t — 2)) decreases for t > 2, and at twelve 6! < 9 - 52, Thus the ratio in (7.4) is
at most 2°k*/k! < 1. This holds at twelve because 2'212% < 12! and decreases thereafter, since its
next-term ratio is 2(k + 1)3/k* < 1. This completes the all-degree exceptional-profile proof. O

7.2.2. Orders zero through four.

Lemma 7.6. For every centered real vector with squared normn, |ex|> < (}) for 0 < k < min(4,n).
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Proof: Orders zero and one are immediate. At order two ey = —n/2, so its squared ratio is
n/[2(n—1)] < 1forn > 2. At order three, Lemma 7.1 gives a binary extremizer with ¢ = (s—r)/\/rs
and e3 = ne/3. Since rs > n —1, ¢ < (n —2)?/(n — 1), and the squared ratio is at most
2n(n —2)/[3(n —1)?] < 1.
For order four write p, = >, 2. Newton’s identity gives e, = (n? —2p4)/8. Cauchy on the other
n — 1 coordinates implies 22 < n — 1, whence n < py < n(n — 1) and |es| < n(n —2)/8. Its squared
ratio is at most
3n(n —2)
8(n—1)(n—3) ~
since the cleared difference 5n% — 26n + 24 equals 14y + 532 at n =4 + . ([

(n = 4),

Fixed orders through twelve on an infinite multiplicity domain. We next prove a scalar
coefficient-one estimate uniformly in both integer root multiplicities. It supplies the scalar estimates
needed at orders five through twelve. The finite polynomial computations below, including all
exceptional rows, are generated by the accompanying standalone code.

Lemma 7.7. For every real vector z with Y. 2; =0, .. 22 =n, and 5 < k < min(12,n),

< ()):

Consequently, for every law under consideration,
EpUR < 28WE, 7 <k < min(12,n). (7.6)

Proof: By Lemma 7.1, it suffices to treat two-valued profiles. Reflect and permute so their multi-
plicities satisfy s > r, n = r+s. Let Ex(r, s) be the elementary coefficient of the integer root vector
consisting of r copies of s and s copies of —r. Its squared norm is nrs, so the desired inequality is
precisely

Dy(r,s) = (n)r(rs)* — k! Ey(r,5)? > 0. (7.7)

For each k = 5,...,12, put a = [k/2], r = a + u, s = a + u + z. Newton’s identities reconstruct
the exact polynomial Fj from

h
pj =18 +s(—r), Ey =1, Ep = Z(—l)j_lEh—jpj'
j=1

SR

The program expands (7.7) under this substitution and checks that every coefficient in wu,z is
nonnegative. The numbers of nonzero coefficients, in increasing order of k, are

121, 168, 225, 288, 361, 440, 529, 624.

Thus (7.7) holds for the whole real quadrant u,z > 0, covering every integer s > r > [k/2], with
no upper cutoff on either multiplicity or on n.

The construction also has an independent exact polynomial-identity check. Since p; = 0, each
Newton expansion term in Ej has at most |k/2] power-sum factors. Its total degree is at most
k+ |k/2] and its z-degree at most k. Therefore Dy has u-degree at most 3k and x-degree at most
2k. On the complete grid 0 < u < 3k, 0 < z < 2k, the program independently compares the
polynomial with the direct formula

= £0)(.2 oo

J

These 4068 exact comparisons determine the eight polynomials by interpolation. Coefficient non-
negativity, rather than those finite evaluations alone, proves the infinite-domain inequality.
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p
(.

It remains to cover r < [k/2]. Multiplicities one and two are already covered by Lemma 7.5.

The remaining pairs are exactly

k|78 9 10 11 12
r|3 3 3,4 3,4 3,45 3,4,5.

We give the cleared polynomial construction for these twelve cases. Write

Ey, = (—r)" <Z> Nosln)

rT(n),

min(r,k)
fr S .
TR DGV 4 LA TR

— J

7=0
To derive this formula, express the generating function as (1 —7T)"[14+nT/(1—7T')]|" and compare
coefficients; then use (Z:g) /(}) = (k)j/(n);. Dividing by y/rs normalizes the roots to squared norm
n. Clearing positive denominators in the scalar inequality gives

k2 (n)2(n — ) — % (n) N, x(n)? > 0. (7.8)

T

For every listed pair the code substitutes n = max(k, 2r) + z, expands both products, and checks
that all coefficients are nonnegative. Since xz > 0 is exactly the admissible range, this covers
all remaining degrees. It independently checks the displayed coefficient factorization against the
direct binomial formula on a degree-sized grid. The two-root reduction and Lemma 3.1 finish the
proof. O

7.2.3. Scalar constant one in a uniform central region. The binary contour modulus has more
structure than the area bound alone records: its logarithm is concave. Retaining its interval
superlevel sets and splitting sparse from dense multiplicities yields an infinite central scalar-one
region without extending a finite-order table.

Lemma 7.8. Let f : [-1,1] — [0,1] be measurable with interval strict superlevel sets up to null

sets. Put ) .
_ 1 f(t)
A—/lf(t)dt, I—Wflmdt.

If 0 < A <3/10, then I < ®(A), where ®(a) = arccos(l — a)/m, and

2A
I’ < p(l + A/10)2. (7.9)
The assertions hold trivially when A = 0.

Proof: The weight w(t) = (1 —t?)"1/2 is convex, with w”(t) = (1+2t2)/(1 —%)%/2 > 0 in the open
interval. Its integral over an interval of fixed length a is convex in the interval’s left endpoint. Its
maximum is thus attained at either endpoint interval; symmetry gives the same value, 7®(a), at
both. Integrable endpoint singularities follow by limits.

Let £(h) be the length of {f > h}. Layer cake gives A = [ £(h)dh and I < [; ®(¢(h)) dh.
Although @ is concave only on [0, 1] and convex on [1,2], its tangent T4 at every 0 < A < 3/10
majorizes it throughout [0, 2]. Concavity proves this on [0, 1]. On [1, 2], tangent minus ® is concave,
so it suffices to check both endpoints. The endpoint one is already covered. Also

Ta(2) = ®(A) + (2 — A)P'(A), %TA(Q) =(2—-A)9"(A) <0.

At A = 3/10 its value is (arccos(7/10) + /17/3)/m > 1: cos(77/100) > 1 — (77/100)%/2 > 7/10,
V17/3 > 119/50, and their lower bounds sum to 63/20 > 22/7 > mw. Thus Ta(2) > ®(2).
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Integrating the global tangent and using the mean of ¢ proves I < ®(A) without assuming global
concavity.
For 0 < v < 3/20,

(1+3v/5)%(1 —v) — 1 =v(1/5— 21v/25 — 9?/25) > 0,

since the decreasing bracket equals 659/10000 > 0 at 3/20. Squaring positive factors and integrating
gives arcsinz < z+a3/5 for 22 < 3/20. Substituting arccos(1—A) = 2 arcsin \/A/2 proves (7.9). O

Lemma 7.9. For a two-valued normalized centered profile with multiplicities r, s, scalar one holds
whenever k > 8min(r, s).

Proof: Reflect so r < s, and put a = \/s/r, b = —\/r/s, n = r + s. Expanding the r exceptional
factors relative to (1 4 bT")"™ gives

e, = b" (Z)Fr(n, k), F.(n,k) = ; ( )( n/r) (]:L;

where terms with j > k vanish. Because k < n, each falling-factorial ratio is at most (k/n)’, so
|Fr| < (14 k/r)" and

% <Tk " k(1+k/ )2
e r
() = # \n
For n > k > 2r, the middle factor is at most 4": it decreases in n, and the resulting function
tlog(t/(t —r)) decreases for t > r, so its value at t = k is at most that at 2r. With k! > (k/e)*,
e < 3 and v = k/r > 8, the last bound is at most

[43/7) @ + )"

The bracket decreases for v > 8, since its log derivative is log(3/v) —142/(1 ++) < 0. At eight it
equals 2125764/16777216 < 1. This proves the assertion in every degree. 0

Theorem 7.10. Every centered real vector z with ), 22 = n satisfies

len(2)]? < <Z> if min(k,n — k) > 80.

More precisely, for binary profiles with r,s > 11 and vo = k(n — k)/n > 40, the squared normalized
ratio is at most 3150873/3171875 < 1.

Proof: For the joint binary assertion, use the modulus f, area A and factor Hy from Theorem 7.3.

The logarithm of f is a sum of positive multiples of logarithms of positive affine functions on (—1, 1),

hence is concave. Therefore f has interval superlevel sets, including cases with endpoint zeros.
The exact Beta-area and factorial bounds already proved give

7 n H?
A< - el —0 < /27y e,

on+ 2 (Z)

where E, = (1/r + 1/3)/6 < 1/33 and Ep = 1/(12v) < 1/480. Their sum is at most 57/1760 <
1/30. The estimate e < (1 — x)~! gives efe < 33/32 and eP« ™5 < 30/29. Thus

g2 2(33) 1 1197 9
7 \32/) 40 143360 ~ 100
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So A < 3/10 and Lemma 7.8 applies. Multiplying its bound with the two displayed estimates yields

2 2v2
‘ekslz)’ g f n eEa+Eb(1+A/10)2
(k) T n+2
_ 79230 (103)° _ 3150873 _
87529 \ 100/ — 3171875

Here v/2 < 99/70 and 7 > 25/8; the first 64 terms of the alternating arctangent series give a rational
lower bound on 7 exceeding 25/8. The accompanying code checks all rational comparisons.

Now let min(k,n — k) > 80. Then vy > min(k,n — k)/2 > 40 and k > 80. Apply the same-n
extremum reduction of Lemma 7.1, reflecting its binary profile so r < s. If » < 10, £ > 80 > 8r
and Lemma 7.9 applies. If » > 11, both multiplicities are at least eleven and the joint assertion
applies. These cases exhaust all profiles. No reduction of dimension, extrapolation of a finite table
or continuous-multiplicity assumption enters the lift. O

7.3. Complete bottom-half coefficient certificates. We use (n)p, = n(n —1)---(n — h + 1), with
(n)o = 1. Every polynomial certificate in this section has nonnegative coefficients in nonnegative
variables, so it proves an infinite-domain inequality. Exact determining grids check the polynomial
identities; sample values alone never establish positivity.

7.3.1. Bottom orders thirteen through forty.

Lemma 7.11. For 13 < k <40, n > 2k, and every centered real vector of squared norm n,

2< (™).
< (})

Proof: By Lemma 7.1, use binary multiplicities r < s, r + s = n. Let Fi(r,s) be the elementary
coefficient of r copies of s and s copies of —r. These raw roots have squared norm nrs, so the
desired inequality is exactly

Fiu(r,s)* < (Z) (rs)*. (7.10)
The following table specifies a base b for each order.

k113 14 15 16 17 18 19 20 21 22
bp| 7 8 8 9 9 10 10 11 11 12
k|23 24 25 26 27 28 29 30 31 32
b, |12 14 13 16 15 18 18 21 20 23
k|33 34 35 36 37 38 39 40
b |22 26 25 29 28 32 31 35

For r > by put r = by + u, s = r + x with u,z > 0. Form the integer power-sum polynomials
pn = rs" + s(—r)" and the factorial-scaled Newton polynomials

h

Eo=1,  Bn=> (-G e

Thus Ej, = h!F}. The exact program constructs all twenty-eight polynomials
Hi(u,z) = k!(n)g(rs)* — E? (7.11)
and checks every monomial coefficient is nonnegative. Hence Hp > 0 throughout the quadrant,
which is (7.10) after division by (k!)2.
Here and below the coefficient construction has an additional exact identity check. Since p; = 0,
a Newton term for Fj contains at most |k/2] power-sum factors, so the total degree is at most

a=1
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kE + |k/2]|. Consequently Hj has u-degree at most 3k and z-degree at most 2k. On a complete
rectangular grid of one more than each degree, the program compares it with

Fi(r,s) = Z <Z> (k ° a) 5% (—r)ka, (7.12)

These comparisons determine the full polynomial; its coefficient signs prove positivity on the infinite
quadrant.
Multiplicities one and two are covered by Lemma 7.5. For each remaining 3 < r < by, define
T
r _
Ny y(n) = Z(—l)a< )rr UEk)qn*(n — a)p—q. (7.13)
a=0 a
The generating identity (1 + s7)" (1 —rT)* = (1 —rT)"*[1 +nT/(1 —rT)]" gives
n\ Nyx(n)
By = (=) D
k= () <k> " (n)r
Thus (7.10) is equivalent, after clearing positive denominators, to
Gri(n) = Kr? (n)?(n — r)* — r¥(n)x N, 1(n)? > 0. (7.14)

For k = 13 the four rows r = 3,4,5,6 use n = 13 +y. For 14 < k < 40 every row 3 < r < by
uses n = max(2k,2r) +y. All y > 0 cover the required integer domains, and every cleared factor
is positive there. The program checks every power coefficient in these 409 ray polynomials is
nonnegative. It also checks the coefficient factorization and the gap identity against (7.12) at
degree-plus-one distinct nonnegative integer nodes in each row. The cases r > b, 3 < r < b, and
r = 1,2 exhaust all reflected profiles, proving the lemma. ]

7.3.2. Bottom orders forty-one through seventy-nine.

Lemma 7.12. For 41 < k < 79, n > 2k, and every centered real vector of squared norm n,
lexl” < (3)-

Proof: Use the same binary reduction. Multiplicities one and two are already covered. If 3 < r < 10
and k > 8r, apply Lemma 7.9. The remaining pairs are exactly

A1<k<79,  |[k/8)+1<r<10.

There are 115 such pairs. For each pair, construct (7.13) and (7.14) at n = 2k + y. Every power
coefficient is nonnegative, as checked in full by the program, with the same complete univariate
identity checks. This proves each entire ray y > 0.

For r > 11 the joint assertion of Theorem 7.10 applies as soon as

k(n — k)

k —40

The finite complement is exactly 2k <n < Ly, 11 <r < |n/2]. To compute the integer coefficient,
logarithmically differentiate (1 + s7)"(1 — rT')*. With d = s — r this gives

(14 dT — rsT?*)F'(T) = —nrsTF(T),

k2
> 40, equivalently n > L := { -‘ .

and hence
=1, F; =0, (h+1)Fh+1 = *thh*’r‘S(n*thl)Fh_l. (7.15)
The program checks (7.10) with exact integers at every profile using this recurrence. All 39 labels

and 1,231,692 profiles pass. Each per-label count is also checked against Zf{ig;(Ln/ 2] —10). The
largest cutoff is Ly; = 1681, so the finite interval ends at 1680, while its next endpoint is analytically

covered. There is no extrapolation in n and no coefficient-reversal symmetry. O
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Corollary 7.13. For every centered real vector of squared norm n and every 0 < k < |n/2],
lexl” < (%)

Proof: Lemmas 7.6 and 7.7 cover k < 12. Lemmas 7.11 and 7.12 cover the remaining 13 < k£ < 79
in their exact bottom-half domains. If £ > 80 and n > 2k, then n — k > k > 80, so the full-vector
assertion of Theorem 7.10 applies. This partition covers every bottom order at the same n. (|

7.4. Top boundary bridges.

7.4.1. Exact reciprocal mormalization. For a reflected binary profile put d = s — r > 0. Its nor-
malized coordinates are \/% repeated r times and —\/7% repeated s times. Their product has
squared modulus (r/s)? and their reciprocals are r//rs repeated r times and —s/,/rs repeated s
times. Define integers T}, by

F(T)=(1+rT) (1 —sT)* = zn:ThTh.
h=0

Elementary reciprocal duality gives
a T?
len—gl? = (1) L,
s/ (rs)
len—j|* < (n) = Tj2rd < (n) (rs)’s?.
J J
In particular d = 0 causes no exceptional convention beyond r® = s% = 1. The differential identity
(1—dT — rsT*)F'(T) = —n(d + rsT)F(T)
yields the exact reverse recurrence

To=1, Tv=-nd, (h+1)Thy1 =—d(n—h)T—rs(n—h+1)T}_1. (7.17)

These identities apply only after reduction to nonzero binary roots. The original vector may have
zeros; Lemma, 7.1 preserves its original n.

(7.16)

Lemma 7.14. For 41 < j < 79, n > 2j, and every centered real vector of squared morm n,

len—j1* < (7).
-2 -2
J . J
/ max{(j—mw } L—M

J

Proof: Set k =n — j and
The equality holds because j2/(j —40) — (j +80) = 40(80 — j)/(j —40) > 0. If n > L;j and r > 11,
then j(n — j)/n > 40 and the joint central theorem applies. If r < 10, then & > 80 > 8r and the
sparse lemma applies.

For 2j < mn < Lj every r < |(n — j)/8] is also sparse. The program checks the exact integer
inequality in (7.16) for every remaining

[(n—4)/8] +1 <7 <|n/2].

All 39 labels and 1,006,861 profiles pass. Exact per-label counts are compared with Zfl; ;;(Ln/ 2| —
|(n —7)/8]). Again L4 = 1681 is the maximum cutoff and its endpoint is analytically covered.
The coefficient order n — j > j > 41 permits the same-n extremum lift, completing the full-real
assertion. g

Lemma 7.15. For 51 < n < 599, every centered real vector of squared norm n satisfies |ex|? < (Z)
at every order 0 < k < n.
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Proof: For k < n/2 use Corollary 7.13. Otherwise put j =n —k < n/2. At j > 80 both k, j > 80,
so Theorem 7.10 applies; at 41 < j < 79 use Lemma 7.14. The only remaining labels are 0 < 5 < 40
with n > 27.

The program checks (7.16) for every one of these forty-one labels and every reflected multiplicity,
in exactly the domain

0<j<40, max(51,2j) <n <599, 1<r<|n/2].
There is no pruning. The reverse recurrence shares its coefficient computation across all j at each
(n,r); the zero-order coefficient is Ty = 1. All 3,645,330 scalar comparisons pass across 89,075
. . . 599 :

shared profiles. For each j the exact count is checked against >, 7 . s o;y[n/2]. The coefficient
order k=n —j > [n/2] > 26 is in Lemma 7.1’s range. Exact arithmetic and that lemma give the

stated full-vector bounds. O
7.5. An exact reciprocal strip in every degree at least six hundred.

Theorem 7.16. For n > 600, 1 < j <19, and every centered real vector of squared norm n,

n
n—j ]

Proof: Use Lemma 7.1 at order £ =n — j > 581 and the binary notation of (7.16). Put
d=s—r, u=r/s, n=1/n, y=d*/n, a=1—1yn=4rs/n’
Define A;, = h!2"T},/ n3h2. The reverse recurrence gives exactly
Ag =1, AL = —-2\/y,

Apr = ~2y/5(0— hn) Ay — h(L = ym)(1 — (b~ 1) Ay, (719
There is no asymptotic error term. With
j—1
Dj(y,m) = (1 —yn)’ [J(1 —in),
i=0
the squared ratio in (7.16) is
o0 (r.19)

0~ iDyw.n
All denominator factors are positive. For v = d/n € [0,1), log((1—v)/(14v)) < —2v, so u? < e~ 2;
at d = 0 equality holds with u° = 1. It therefore suffices to bound A? by j !Djer.

7.5.1. The compact finite-n polynomial certificate. Parity gives Aj, = y(hmod 2)/2Bh(y,77), where
Bo = 1,Bl = —2 and

Byy = —2y" ™2 (1 — hn) By, — h(1 — yn)(1 = (h — 1)) By 1. (7.20)
Let N; =45 +40 and Sy (2y) = thZO(Qy)h/h!. The integer polynomial
Pj = Nj! [j!Dj(y, n)Sn, (2y) — 7 ™12 B;(y, 77)2} (7.21)
has nonnegative complete tensor-product Bernstein arrays on each of
25 25 25 25
— —_, = —,2 2 1 . .22
0 Z 12T 5] e wepom (7.22)

All 19 polynomials and 76 rectangles pass. The degrees are at most N; + j and 2j — 1 in y,7,
respectively, with maxima 135 and 37. The program reconstructs every basis entry and accepts
a rectangle only if all its entries are nonnegative. Throughout this enlarged continuous rectangle
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1 —yn > 11/12, so every denominator factor remains positive. As e* > Sy (2y), the certificate
proves the desired ratio bound for every 0 < y < 50.

Here is the exact basis conversion and coverage argument. If M, Z are the two degrees, substitute
y = 50t,n = w/600 and multiply P; by 6007 to get integer power coefficients cpe. Set ly = lemy, (]\g)

and [;, = lem, (f) The tensor-product Bernstein coefficient at (i, h), multiplied by the positive

integer [yl,), is
i\ h\ [
cbc< >y< >". (7.23)
2l o)

This follows by applying t* = Zf\i b (z) (Alf )71(]\;[ )ti(1 — ¢t)M=% in both variables. All basis func-
tions are nonnegative. Exact midpoint de Casteljau subdivision uses sums and a common positive
denominator; common positive ged factors can be removed. Both children are retained, and an
already-positive interval can be refined further to obtain the common partition (7.22). The code
explicitly checks those four intervals, the full 7 interval and total area 1/12. Thus the finite com-
putation covers the full rectangle, not a set of sample points. Optional output identifies each
reconstructed full array by its stream hash; its sign proof is the checked entries themselves, not the
hash.

7.5.2. An analytic tail with translated polynomial certificates. If r < k/8, Lemma 7.9 already proves
the result at the original order £ = n — j. Otherwise

d<3+]/n<1819 19

n ST 4 S 200 T 95
Consequently a > 264/625 > 2/5, and the elementary product inequality gives
j—1 i
. jlj—1) _ 143
1— >1-L s 0y
g( ifn) 2 o =200 10

Let Co(X) = 1,C1(X) = X and Chy1(X) = XCh(X) + hCr_1(X). These are the absolute-

coefficient Hermite polynomials, explicitly

/2l yioal
B §1X9
GX) =2 215 — 20)
=0

In (7.18) every coefficient factor apart from 2,/y and h lies in [0, 1] on the actual domain. Induction
yields |A;] < Cj(2/y). Thus (7.19) is at most

10 <5>j 2 Gi2vY)* (7.24)

7 \2

j!
Parity makes Cj(Z\/gj)z an integer polynomial in y. Define
10 5\ C;(2y/m)?
Q) =sw (- 7 (5)
4!
After multiplication by 727;!N;!, the program checks that every power coefficient of Q;(50 + t) is
nonnegative, for every 1 < j < 19. More explicitly the unshifted coefficient of 3" is

2

N .
7233'!2’17]! — 1057 N;! [y"C;(2/)?,
with the second term zero above degree j. Translation uses [t’]P(50 4 t) = Zth[yh]P(y) (Z) 50hb.

All 19 complete translated arrays pass. Hence Q;(y) > 0 for every y > 50, and e?¥ > Sy(2y) makes
(7.24) at most one on that entire half-line.
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The sparse cases and the compact and tail regions exhaust all binary profiles, including balance
at y = 0 and the shared boundary y = 50. Lemma 7.1 completes the full-real conclusion without
reciprocal operations on original zero coordinates. The proof controls finite n exactly. O

7.6. A global affine contour budget for top codimensions nineteen through forty.

Theorem 7.17. For n > 600, 19 < j < 40, and every centered real vector of squared norm n,

len—j]? < (?)

Proof: Use the binary Cauchy modulus f, entropy factor Hy and area A in the proof of Theorem 7.3;
put k =n—j, v =k(n—k)/n. The interval rearrangement and layer-cake argument in Lemma 7.8
gives, without an area restriction,

1 () 1 _arccos(1 — a) 1 B
I._W/lmdtg/o U(m)dh,  Ba) = T /Oz(h)dh_A.

The tangent at ag = 3/10 is T'(a) = a + Sa, where

= 1 o arccos(7/10) iﬂ
7/51/100° T 107

It is a global majorant of ® on [0,2]. Indeed ® is concave on [0, 1], while 7" — ® is concave on [1, 2],
whose minimum is at an endpoint. Endpoint one is covered by the tangent inequality, and at two

7 119 63 _ 22
T(2)= 1 1 o= .
nT(2) = arccos(7/10) 4+ /17/3 > 100+ 0 -0 7"

The first bound follows from cos(77/100) > 1 — (77/100)2/2 > 7/10 and (119/50)? < 17/3. There-
fore
I<a+BA (0<A<2). (7.25)
Both coefficients are positive. The following conservative rational upper bounds are certified ex-
actly:
11947 44573 177246 250663
= by = ———— =—— = .
@<= Too0000 7<= Too0000 VT <P Tog000° * "= 100000
For completeness, Machin’s identity

m = 16 arctan(1/5) — 4 arctan(1/239)

follows from tan(4 arctan(1/5)) = 120/119 and the tangent subtraction formula on the positive
principal branch. Alternating partial sums with eight/nine terms at 1/5 and three/four terms at
1/239 give

314159 3141593

100000 ~ " = 1000000
Also 71414/100000 < /51/100 < 71415/100000, and the alternating degree-eight Taylor upper
bound for cos(7954/10000) is below 7/10, so arccos(7/10) < 7954/10000. These bounds give
the upper 8 by lower bounding both denominator factors, and the upper a by upper bounding its
positive numerator and lower bounding 7. The numerator is positive, for instance from arccos(.7) >
77 and .3/ V.51 < .3 /.7. Squaring checks the two radical upper bounds. The program verifies all
these rational comparisons; no decimal transcendental approximation decides acceptance.

If r < k/8, use Lemma 7.9. Otherwise

r>k/8>(n—40)/8 > Tn/60, rs > 371n?%/3600.

The Beta and Stirling bounds proved earlier are

H2
A< \/ﬂ/anHBEa, 0 < Vorve, E, = i, E,

(%)
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Here E, < 1/371, while 11039/600 < v < 40 gives Ej < 50/11039. The lower endpoint follows
because j(1 — j/600) increases on 19 < j < 40. Since ! < (1 —#)7! for 0 <t < 1, eP« < 371/370
and efr < 11039/10989.

Drop the favorable n/(n + 2) and put

)y 371 11039
BRI ~ 070989

Equations (7.25) and the coefficient contour bound yield

lex|? 2 b* _
— < C at—i—?ab—i—? , t=v.

(%)

The right side is convex in ¢ > 0, as its second derivative is 2Cb%/t3 > 0. At the two endpoints use

42893 42894 63245 63246
—— < /11 — — < V4 —_—.
10000 < 039/600 < 10000’ 10000 < VA< 10000

The positive linear term uses the upper enclosure and the reciprocal term the lower. Both resulting
rational upper bounds are strictly below one:

42894 10000
C <a2 + 2ab + b2> <1,

10000 42893
63246 10000
Cla*—=——=+42ab+b¥—- ) < 1.
<“ 10000 Tt 63245)
These are exact fraction comparisons (approximately .99918 and .95378). Convexity proves the
entire nonsparse binary domain; the sparse lemma and same-n extrema finish the theorem. O

7.7. All scalar orders and the covariance certificate.

Proof of Theorem 1.2: First normalize a positive squared norm to Y 2? = n; the centered normal-
ized slice is empty at n = 1. For 2 < n < 50, use Lemma 7.4. For 51 < n < 599, use Lemma 7.15.
For n > 600, every k < |n/2] follows from Corollary 7.13. In the top half put j = n —k < n/2.
At j =0, product AM-GM gives |e,|?> < 1. At 1 < j <19, use Theorem 7.16; at 19 < j < 40, use
Theorem 7.17. The overlap is harmless. At 41 < j < 79, Lemma 7.14 applies since n > 2j. At
7 >80, both j, k > 80 and Theorem 7.10 applies. This exhausts every coefficient and degree at the
same n, including the n = 50/51 and 599/600 endpoints and equality k& = n/2.

Homogeneity of e, now gives (1.7) for any positive squared norm. At zero norm every coordinate
vanishes, so all e, = 0 for k > 1, while ey = 1 separately; no 0° convention is needed. For even n, the
vector with n/2 copies of one and n/2 copies of minus one has squared norm n and |e,|* =1 = (7).

Thus the universal scalar coefficient one is optimal. Original zeros, repeated coordinates and all
balanced or unbalanced profiles are included by the same-n reductions. O

7.8. Equality and endpoint stability of the scalar bound.

Theorem 7.18. On the normalized real slice Y,z = 0, >, zf = n with n > 2, equality in
ler(2)]? < () holds exactly at k =0, or at k = n with even n and balanced entries +1,—1 up to
permutation. Fvery interior order 1 < k <mn is strict.

Proof: For each fixed n,k > 3, Lemma 7.1 supplies some binary maximizer at that SAME n.
It therefore suffices to prove strictness for every binary interior profile; it is not necessary that
every maximizer itself be binary. Orders one and two are immediate from e; = 0 and the ratio
n/[2(n —1)] < 1for n > 2. At k = n, product AM-GM on 2?2 gives equality only when all || = 1;
centering forces even n and balanced signs.

Here are complete strictness gates on the proof’s infinite domains. Multiplicity one has ratio
at most 2/3 for k > 3. Multiplicity two has strict cubic and quartic bounds except the balanced
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n = k = 4 endpoint; its seven cleared polynomials have strictly positive coefficients, and its factorial
tail is strict. The general cubic bound is strict, and the quartic bound is strict for n > 4.

For each fixed order 5 < k < 12, the accepted quadrant gap arrays have nonnegative coefficients,
with strictly positive coefficients at both w and . At odd k the constant is positive. At even k
the only zero on the nonnegative quadrant is therefore u = x = 0, namely n = k, r = s = k/2.
Every smaller-multiplicity exception ray has positive constant. All 28 bottom13—-40 quadrant gaps,
all 409 corresponding rays and all 115 bottom41-79 rays have positive constant and nonnegative
coefficients. Their cleared denominators are positive. Thus these entire quadrants and rays are
strict. The central and sparse bounds have ratios strictly below one, as do both global-tangent
endpoint guards.

For the reciprocal strip, if d = s —r > 0, then y > 0 and e?¥ > Sy(2y) strictly. The compact and
translated-tail certificates, with their positive denominator, therefore give strict ratio below one
even if a polynomial gap vanishes. At d = 0, the normalized generating polynomial is (1 — TQ)"/ 2,
Odd coefficients vanish. For k = 2[ interior, Vandermonde gives

(-2 (E5)- (7))

because besides a = [, the term a = — 1 is positive for 1 <[ <n/2 — 1.

The remaining domains are finite and explicit. The companion verifier checks all 40,425 small
scalar labels, 1,231,692 bottom bridge profiles, 1,006,861 top bridge profiles and 3,645,330 finite
endpoint labels for STRICT inequality, permitting equality only at original order & = n with
r = s. It also checks all 572 coefficient strictness/zero-set gates just described on the reconstructed
complete arrays. These are the full finite complements of the analytic partition, not a cutoff
extrapolation. The partition in the proof of Theorem 1.2 now proves binary strictness at every
interior order; Lemma 7.1 completes the full-real assertion. O

The classification completes the strictness analysis of Theorem 1.2. Its elementary endpoint
consequences are recorded for clarity. Put o = |e,(2)|?> > 0. The classical logarithmic AM-GM
inequality gives

> (lail = 1)? < —logo. (7.26)

(2
Indeed logu < 2(v/u — 1) and Y22 = n imply logo < 23 ,(|z;] — 1) = = >_.(|]zs| — 1)®. The
square-root variance refinement of AM-GM in Aldaz (2009, Theorem 0.1) also gives the stronger

intermediate formula )
1
1/ b 1 1\2
o < (1 5 215 1)) .

If o>1—¢€>0,let o; =sign(z;). Centering and Cauchy yield

DN RIS

If —log(1l —€) < 1/n, the integer sign imbalance is less than one and hence zero. Then n is even, o
is an exact balanced equality vector, and ||z — o||3 < —log(1 — €). This is endpoint stability only.
For odd n > 3, classical two-moment product optimization gives the exact endpoint maximum
n—1
n+1
For completeness, a maximizer has nonzero product since a binary competitor does. Lagrange
multipliers for > log 21-2 are valid: the constraint gradients are independent. The equation 2/z; =
a + 28z, summed after multiplying by z;, gives 8 = 1. All coordinates therefore take at most
two values, necessarily of opposite sign. Their reflected multiplicities » < s have squared product

max |e, (2)|* = (7.27)
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(r/s)*~". Writing d = s —r, its logarithm dlog((n —d)/(n+d)) strictly decreases for d > 0. Odd n
makes the smallest positive d equal one, proving (7.27), with exactly the nearest-balanced two-value
profiles up to sign and permutation. This is the displayed elementary endpoint optimization.

8. Completion of the count-law certificate
Proof of Theorem 1.5: For n > 2, scaling Theorem 1.2 with (2.2) gives

n

)P < () e/t B

The quotient tensor transfer therefore yields EpU? < (2W)%. Orthogonality proves (1.8)’s chi-
square bound for every W > 0; the sum is finite, so no geometric convergence hypothesis is
required. At 2W =11t is n — 1, and for 2W < 1 it is at most (2W)%/(1 — 2W).

For the TV conclusion let x = 2W € (0,1) and § = TV(P,M). Then v := x?(P|M) <
Sh,ak < 2?/(1 —z). If 2 < 1/2, Cauchy gives § < \v/2 < z. If x > 1/2 and § < 1/2 the
result is immediate; otherwise ¢ > z contradicts Lemma 3.2, since v > §/(1 —¢) > z/(1 — z) > v.
At W = 0 use rigidity and at W > 1/2 use TV < 1. Degree one is exactly multinomial, giving
an empty chi-square sum; one retained category is deterministic, and mean-zero categories vanish
almost surely and can be deleted.

For optimality, take even n and p(z,y) = 2™/2y""/2, the classical balanced deterministic/binomial
example Roos (2010, Remark 2.2(a)). It has W = 1/2 and TV (P, Mult(n,1/2)) = 1-27" (n%) — L.

Thus no universal linear coefficient below two is possible. ]

8.1. The equivalent own-mean Krawtchouk bound. In the conventional normalization National In-
stitute of Standards and Technology (n.d., equation 18.23.3 and Table 18.19.1),

(=10 =m0 = 3 (1) Kuloipt

k=0

The squared norm under the binomial probability weight wy(z) = (7)p®(1—p)"~is [(1—p)/p]*/(}).
Thus the binomial-orthonormal polynomial is

Rutairm) = () /= 92K,

Put s = np, r = n — s with positive integer r, s, and substitute ¢ = sT" in the generating function.
The raw coefficient of (1+ sT)"(1 —rT)* is s*(}) Ky (s; s/n,n). After division by (rs)k/2,/ (%), this
yields
€k
(x)
Consequently Theorem 1.2 is equivalent, through the same-n two-value reduction and elementary
low orders, to

[Ki(npipn)| <1 (0<p<1 npeZ 0<k<n).
The integer-mean condition is substantive. This normalization is distinct from the counting-
measure orthonormal function /wy(x)Kj(z). Entrywise orthogonal-matrix bounds for that func-

tion only give |IA( k(x)] < 1/y/wp(x), which does not imply the own-mean bound one. The generating
function and norm are classical inputs.
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8.2. Reproducibility. Run verify_spectral.py with its shipped helpers verify_scalar_one.py,
verify_sharp_two.py and verify_refined.py; the option -output, followed by a filename, saves
exact certificate data. The program checks the 40,425 small scalar comparisons, all multiplicity-two
and fixed-order certificate arrays, the complete bottom and top boundary domains, all 3,645,330
finite endpoint comparisons through 599, the 19 reciprocal-strip polynomials with 76 full compact
basis reconstructions and 19 translated tails, and every global-tangent rational guard. Every ac-
cepted compact basis entry is regenerated and sign-checked. Saved array hashes identify those
computations. Infinite polynomial quadrants/rays and finite exhaustive domains have distinct,
explicit coverage arguments. All acceptance gates use exact integers/rationals and remain active
under Python optimization. The entry point also verifies all 572 equality strictness gates, the
complete finite strictness domains and exact small-law spectral /example identities.

9. Gaussian mutual-TV limits along powers of a fixed law

We now fix one law P throughout, including its dimension, support and probabilities. The
following result concerns mutual TV of two discrete convolution laws.

Theorem 9.1. Let C = Cov(P), S = diag(t) — tt' /n, and H = {x : 172 = 0}. For Py = P*N
and My = M*N = Mult(Nn,t/n),

lim TV(Py, My) = TV(N# (0,C), Nu (0, ). (9.1)

Degenerate C' is allowed. If 0 < W < 1/2, the right side is strictly below 2W . Consequently every
fized P with 0 < W < 1/2 has a threshold Ny(P) such that TV (Pyn, My) < 2W for every integer
N > Ny(P). At W = 0 all powers are exactly multinomial; at W > 1/2 the inequality holds at
every power.

The support input is classical: Brédndén’s jump-system theorem (2007, Theorem 3.2) extends
earlier homogeneous support results of Choe, Oxley, Sokal and Wagner (2004). The finite-support
Fourier local limit used below is also classical; see the background and lattice-period discussion
in Randles (2023). We give the needed argument, including the 11 passage and singular case, to
expose the exact hypotheses.

Proof of Theorem 9.1: Covariance coordinates and support lattice. For p’V, the mean, co-
variance, S and B are multiplied by N, so Wy = W. Products preserve stability, homogeneity
and normalization. If m = 1 all laws are identical point masses. Suppose m > 2, put d = m — 1,
and delete the final coordinate. The omitted count is determined by the total, so this is a bijection
on each support and preserves TV. Denote the principal covariance blocks by C’,S’, B/, and the
common projected block mean by u = (t1,...,tq).

The matrix S’ is positive definite and

1
(8"~ = diag(1/ty,...,1/tq) + 711?

m

Since B1 =0, Zi,jgd Bij = Bym, hence
Tr((S")"'B") = W. (9.2)

When 0 < W < 1/2, the matrix D = 2(5")~Y/2B/(8")~1/2 is positive semidefinite with trace
2W < 1. Thus every eigenvalue is below one and C’ = (S')Y/2(I — D)(S")'/? is positive definite. In
particular C' is then nondegenerate on H. More generally, C' is positive definite on H exactly when
(' is positive definite, since centered count vectors are obtained from their first d coordinates by
the linear isomorphism ' — (2/, —1"2’) onto H.

Assume first that C' is positive definite on H. The support A of p obeys unit exchange: if a,b € A
and a; > b;, some j with a; < b; has a —e; +¢; € A. Indeed the jump-system two-step axiom
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applies to the step —e; toward b; its first step leaves the fixed-total support, and homogeneity forces
the second step to be +e; toward a deficient coordinate. Repeated exchange decreases the distance
to b by two and connects every pair of support points.

Make a graph on categories by joining 4, j whenever two support points differ by e; —e;. If it
were disconnected, each graph-component total would be constant throughout the support: every
exchange path stays within its components. Subtracting a multiple of 1 from a proper component
indicator would give a nonzero vector in H with zero variance, contradicting positive definiteness
of C' there. The graph is therefore connected. Its edge differences generate the full root lattice
{z e 2™ : 17z = 0}, and all support differences already lie in this lattice. Consequently the
projected support-difference group is exactly Z¢.

For a characteristic function ¢(6), modulus one occurs precisely when all support phases agree.
The full difference group therefore implies |¢(0)| < 1 away from the origin of the Fourier torus.
The projected multinomial block law has the same aperiodicity: its support contains zero and each
unit vector, because all categorical probabilities are positive. Thus both block laws have positive
covariance, full difference group and the same mean p. Positive covariance alone would not exclude
lattice periods for an arbitrary discrete law; the stable-support argument is essential here.

Uniform local limit and its 11 consequence. Let X be a fixed finite-support Z¢ law with
mean p, positive definite covariance ¥ and full support-difference group. Write fn (k) = Pr(X; +
-+ Xxn = k) and gy, for the centered Gaussian density. Its centered characteristic function satisfies

Y(0) = e "0p(0) =1~ 50750 + O(||6]°).

Positive covariance gives [¢)(6)| < e“I°I* near zero for some fixed ¢ > 0. On the compact comple-
ment of that neighborhood in the torus, aperiodicity gives |¢| < r < 1.
Fourier inversion and 6 = u/+v N show

a2 £ (k) — M)‘
ks;lzpd N fn (k) gg( Wii — 0. (9.3)

Here is the uniform error argument. On bounded u-sets, ¥ (u/v/N)V converges uniformly to

—u' Yu/2 c|lul?

e On the expanding small-6 region it is dominated by e~ , so dominated conver-
gence controls the integral error there. The complementary scaled Fourier integral is bounded by a
constant times N%2r-N | and the Gaussian integral outside the expanding region also tends to zero.
The phase e #k=Nu)u/ VN has modulus one, making the error estimate uniform in k. This proves
(9.3) with the usual Gaussian Fourier normalization.

It follows that

kezd

For fixed R, the box ||k—Nplleo < RVN has Or(N%?) sites, so (9.3) sums to og(1) there. Outside,
Chebyshev bounds the probability mass by Tr ¥/R2. Shifted-grid Gaussian sums converge to the
corresponding integrals: on compact sets this follows from uniform continuity, and Gaussian decay
controls the tails uniformly in the grid shift. Thus their tail also vanishes after first taking N — oo
and then R — oco. This proves (9.4).

Apply this to the projected P and M blocks. Their two 11 errors imply

o () () o

Another shifted-grid Riemann sum gives the Gaussian TV on the right side of (9.1). The coordinate
isomorphism onto H preserves TV, proving the claimed coordinate-independent limit when C' is
nonsingular there.

(k) = N~ (k_\/ﬁ\m) ’ — 0. (9.4)

1
TV(Py, My) — 5N—d/2 >
kezd
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Singular covariances and the strict Gaussian gap. If C is singular on H, choose nonzero
v € H with v Cv = 0. Then v- (A —t) = 0 almost surely. Thus Py is supported on Ey = {a :
v-(a — Nt) = 0}. Under My, the scalar projection v - (A — Nt)/v/N converges by the ordinary
scalar CLT to a nondegenerate normal, since v' Sv > 0. For every 1 > 0, Portmanteau on the
closed interval [—n, | gives

limsup My (En) < Pr(IN(0,v" 5v)| < ).
N

Letting n | 0 shows My(ENx) — 0. Hence TV(Py,My) > 1 — My(En) — 1. The degenerate
Gaussian with covariance C' is supported on the corresponding hyperplane, to which the Gaussian
with covariance S assigns zero mass; their TV is one. This proves (9.1) also in the singular case.

Finally suppose 0 < W < 1/2, so the projected covariances are positive definite. By (9.2), D = 0
and Tr D = 2W < 1. For the two centered Gaussian densities,

gS,Ex; = \/det(I — D) e* (€)= D2/2 > /det(I - D).
gcr\x

The quadratic exponent is nonnegative by covariance ordering. Integrating the minimum of the
densities bounds their TV by 1 — y/det({ — D). If A; are the eigenvalues of D, then

det(I-D)=JJ(A=X) =1=) A =1-2W
J J

This elementary product inequality follows by induction. Since y/a > a for 0 < a < 1, the Gaussian
TV is strictly below 2IW. Convergence in (9.1) leaves a fixed positive gap, yielding No(P) for
all subsequent integers. Rigidity handles W = 0, while W > 1/2 is trivial. This completes the
proof. O

The coefficient two in this eventual statement is optimal uniformly over fixed base laws. For
p(z,y) = vy, one has W = 1/2 and

2N
N

Theorem 1.3 already bounds every power, because Wy = W. The limit theorem additionally
identifies the limiting value and its strict Gaussian gap, with its threshold attached to the fixed
base law. Total variation under powers need not be monotone: (x/4 + 3y/4)(3xz/4 + y/4) has TV
1/8 from its degree-two reference, while its square has TV 11/128; xy has TV 1/2, while its square
has TV 5/8. In each example W is unchanged under powers. These exact examples prevent pulling
the limiting bound back by an assumed monotonicity.

TV(Py, My) =1 — ( >/4N — 1.

10. Consequences and interpretation

The covariance deficit controls the likelihood ratio through its exact quadratic component and
a spectral remainder. The sharp real coefficient inequality supplies the uniform certificate, while
the complex-six theorem gives a separate sharp fifth-component refinement. Their proofs retain
the complete analytic reductions, finite-domain coverage and equality arguments. The full-stable
cubic obstruction and rare-cell examples delimit stronger conclusions that cannot be inferred from
the corresponding product-class or fixed-reference estimates. The fixed-law convolution limit has
its own asymptotic quantifiers.

The certificates take a real-stable generating polynomial and its mean vector and covariance
as inputs. These hypotheses retain the full count-law structure behind the moment comparison.
Singular covariance deficit, repeated roots and zero coefficients are included. The positivity lemma
is applied only to the complete density P/M, since individual centered-expansion terms are signed.
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Reproducibility and assistance

The five supplied standard-library Python files reconstruct the finite polynomial identities, ex-
haustive scalar domains and twenty rational Bernstein intervals used in the proof. The weighted-
median reduction, real-root perturbation, equality analysis, stable-law transfer and Gaussian limit
arguments are given analytically in the manuscript. Reader commands and the complete member
inventory are in the source package’s README.

OpenAl ChatGPT and Codex assisted mathematical exploration, literature comparison, drafting,
exact-code development and proof checks. The author assumes responsibility for the manuscript
and its mathematical claims.
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